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Solutionbank D2
Edexcel AS and A Level Modular Mathematics
Exercise A, Question 1

Question:

The table shows the unit costs of transporting goods from supply points to demand
points. In each case:

a use the north-west corner method to find initial solution,

b werify that, for each solution, the number of occupied cells =number of supply
points +number of demand points —1.

¢ determine the cost of each initial solution

P 0} R Supply
A 150 213 222 32
E 175 204 218 44
C 188 193 246 34
Demand | 23 45 37
Solution
a
P 1Q |E | Supply
A 23| 4 32
B 4113 |44
Z 34| 34
Demand | 28 | 45| 37| 110

b Supply points =3, demand points =3, ocoupied cells=25.
34+3-1=5=number of cccupied cells. Yes formula holds,

T D | R Supply
A 150 | 213 | 222 | 32
E 175 | 204 | 218 | 44
C
D

188 198 | 246 | 34
emand | 28 [45 | 37 | 110

t Cost=28x15044=2134+41x204 +3x2184+534 = 246 = 22 434
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Heinemann Solutionbank: Decision Mathematics :

Solutionbank D2
Edexcel AS and A Level Modular Mathematics
Exercise A, Question 2

Question:

The table shows the unit costs of transporting goods from supply points to demand
pointz. In each casze:

a use the north-west corner method to find initial solution,
b werify that, for each solution, the number of occupied cells = number of supply
points +number of demand points —1.

¢ determine the cost of each initial selution.

P Q R b Supply
A 27 33 34 ] 4 54
E a1 29 37| 30 &7
C
D

40 32 28 | 35 29
emand | 21 32 51 | 46

Solution
a
P IQ|E |5 | Supply
A 21221 24
E S0 17| &7
C 29 29
Demand | 21 [32] 5146 ] 150

b Supply points =3, demand points =4, occupied cells=6.
24+4-1=6=number of cccupied cells. Yes formula holds.

PIQIE [5 | Supply
& 23133 34|41 34
B 3129 37|30 67
Z
D

40| 32| 28| 35| 29
emand | 21| 32| 51| 46 | 150

¢ Cost=21x27 +32x353+1x 34+ 50 37 +17 % 30+ 25 x 35 = 5032
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Exercise A, Question 3

Question:

The table shows the unit costs of transporting goods from supply points to demand

pointz. In each case:

a use the north-west corner method to find initial solution,
b werify that, for each solution, the number of cccupied cells = number of supply
points +number of demand points —1.

¢ determmine the cost of each 1mitial selution.

P Q R Supply
A 17 24 19 123
B 15 21 25 143
C 19 22 18 24
D 20 27 16 150
Demand | 200 100 200 500
Solution:
a
P D | R Supply
A 123 123
E 77| 66 143
C 34 | 50 | 84
D 150 | 150
Demand | 200 | 100 | 200 | 500

b Supply points =4 |, demand points =3 Ocoupied cells= 6.
44+3-1=6=number of occupied cells. Tes formula holds

P o | R supply
A 17 |24 |19 | 123
B 15 |21 |25 | 143
iZ 19 (22 |18 | &84
D 20 127 | 16 | 130
Demand | 200 | 100 | 200 | 500

¢ Cost =123x17+ 77 15+66x 214+ 34« 224+ 5018 +150x16 = 8680
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Solutionbank D2

Edexcel AS and A Level Modular Mathematics

Exercise A, Question

Question:

The table shows the unit costs of transporting goods from supply points to demand

4

pointz. In each case:

a use the north-west corner method to find initial solution,
b werify that, for each solution, the number of cccupied cells = number of supply

points +number of demand points —1.

¢ determmine the cost of each 1mitial selution.

P 0 R 5 | Supply
A o6 | 86 | B0 | &1 1324
B 29 | e | TE | &5 203
C &2 | 70| 57| &7 176
D &0 | 68 | 75 | 71 187
Demand | 175 | 175 | 175 | 175 700
Solution:
a
I 2 | R = Supply
A 134 134
E 41 | 162 202
C 13 | 163 176
I 12 | 175 | 187
Demand | 175 [ 175 175 175 | 700

b Supply points =4, demand points =4 |, occupied cells =7
d4+4-1="7=number of occupied cells. Yes formula holds.

T o | R = Supply
A 26 | B6 |80 |61 | 134
B 29 |76 |78 |65 | 203
Z 62 |70 | 57 | &7 | 176
D &0 |68 |75 |71 | 187
Demand | 175 175 175 | 175 | 700

C Cost =134 =56 +41x08 +162x 7o+ 15370+ 163x57 +12x75+175 =71

=45761
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Edexcel AS and A Level Modular Mathematics

Exercise A, Question 5

Question:
A|B|C | D|Supply
X 2T 33| 34| 4 &0
Y 31| 28| 37| 30 &0
Z 40 | 32| 28 | 35 20
Demand | 40 | 70 | 50 | 20

Four sandwich shops A, B, C and D can be supplied with bread from three balkeries,

3, Y, and Z. The table shows the cost, in pence, of transporting one tray of bread from

each supplier to each shop, the number of trays of bread required by each shop and the

number of trays of bread that can be supplied by each bakery.

a Ezxplain why it 15 necessary to add a dummy demand point in order to solve this
problem, and what this dummy point means in practical terms.

b TI:ze the north-west corner method to determine an initial solution to this problem
and the cost of this solution

Solution:

a The total supply 15 200, but the total demand 12 180, A dummy iz needed to absorb
this excess, so that total supply equals total demand.

h
A |B | C[D | Supply
e 2733|334 (41|60
T 31| 29| 37| 30| &0
Z 40| 32| 28| 35| 80
Demand | 40| 70| 50| 20
Eecomes
A B | C |D | Dummy | Supply
X 21133341410 &l
i 31129 37]30(0 &l
A 0| 32| 28| 25| 0 &l
Demand | 40| 70| 50| 20| 20 200

MNorth-west corner solution 13

LB | C | D | Dummy | Supply
X 40| 20 &0
i a0 10 &0
Z 40| 20| 20 a0
Demand | 40| 70| 50 | 20| 20 200

Cogt =40x 274+ 20x334+50 = 204+ 10 =237 +40= 284+ 20 =354+ 20=x0=5 380
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Solutionbank D2
Edexcel AS and A Level Modular Mathematics

Exercise A, Question 6

Question:

K L M | N | Supply
A 35 | 46 62 | &0 20
B 24 | 53 | 73 | 52 15
C &7 | 61 50| 65 20
D
D

B2 a1 41 | 42 20
emand | 25 10 18 | 22

& company needs to supply ready-mized concrete from four depots &4, B, C and D to
four work sites K, T, M and W The number of loads that can be supplied from each
depot and the number of loads required at each site are shown in the table above, as
well as the transportation cost per load from each depot to each work site.

a Ezplain what 1z meant by a degenerate solution.

b Demonstrate that the north-west corner method gives a degenerate solution

¢ Adapt your selution to give a non-degenerate initial solution.

Solution:

a A degenerate solution occurs when the number of cells used in a solution 15 fewer

than the number of rows + number of columns — 1. It will happen when an entry,

other than the last, completes both the supply requirement of the row and the
demand requirement of the column.

E|L |M|N | 5teck
A 20 20
E 5|10 15
Z 182 |20
D
D

200 20
emand | 25 10| 18| 22

E|L |M|HN | 5Steck

A 20 20
E 5 |10 15
2 o | 18|12 |20
D 200 20
Demand | 25| 10| 18| 22

or

E|L |M|HN | Steck

200 20
emand | 25 10| 18| 22
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Solutionbank D2
Edexcel AS and A Level Modular Mathematics
Exercise A, Question 7

Question:
L M N | Supply
P E 5 9 22
0 4 k] i e
R & 4 8 11
8 2 2 5 &
Demand | 15 17 20

The table shows a balanced transportation problem. The initial solution, given by the
nerth-west corner method, iz degenerate,

a Tsze this information to determine the values of @ and &

h Hence write down the initial, degenerate solution given by the north west-corner

method.
Solution:
L | MW | Supply
F 3015 |9 |22
Q) 4 13 |7 |a
E 6 |4 |8 |11
= 312 |5 |&
Demand | 15| 17 | 20

a 3Since the problem iz balanced the total supply =the total demand, giving

a+h+22411=15+17420
hence & +5=19(1)

since the initial north-west corner solution 15 degenerate we know that the supply and
demand are both met before the final entry.

(Since 224+a4+11=15417 we know that thiz must ocour before row 3)

Hence 224+a=154+17, giving a =10
TTzing equation (1) we get A =9
o the values are: @ =10 and =9

h
M| N | Supply
% 1517 22
Q) 10 10
E 11] 11
= 9 19
Demand | 12 17| 20
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Edexcel AS and A Level Modular Mathematics

Exercise B, Question 1

Question:

start with the initial, north-we st corner, solutions found in question 1 of exercise 14
In each case use the initial solution, and the original cost matrix, shown below,

to find
a the shadow costs,

b the improvement indices

¢ the entering cell, if appropriate.

P J R | Supply
A 150 213 | 222 32
B 175 204 | 218 44
C 188 | 198 | 246 34
Demand | 28 | 45 37
Solution:
a
shadow costs 150 213 | 227
F Q) E supply
0 A 150 213 | 222 | 32
-9 E 175 204 | 218 | 44
13 iZ 188 | 198 | 246 | 34
Demand | 268 |45 | 37 | 110

b Improvement indices for cells:

EF =175+5-130=34
CP =188-19-150=19

TR =198-19-213=-34

AR =222-0-227=-5

¢ Entering cell 1z COQ, since 1t has the most negative improvement index
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Solutionbank D2

Edexcel AS and A Level Modular Mathematics

Exercise B, Question 2

Question:

start with the initial, north-we st corner, solutions found in question 2 of exercise 14
In each case use the initial solution, and the original cost matrix, shown below,

to find
a the shadow costs,

b the improvement indices
¢ the entering cell, if appropriate.

P | Q| R | 8 | Supply
A 27133344 54
B A1 | 28 37| 30 &7
L 40 | 32 | 28 | 35 28
Demand | 21 | 32 | 51 | 46
Solution:
a
shadow costs 2T 33| 34| 27
PIQE [5 | Supply
] A 273334141 24
3 E 31| 2% 37 30|67
2 & A0 [ 32| 28| 33| 2%
Demand | 21| 32| 51| 46

b Improvement indices for cells:

BF =31-3-27=1
CF =40-8-27=5
B=20-3-33=7

CQ=32-8-33=-9
CR =28-8-34=-14
AS =41-0-27=14

¢ Entering cell 13 CE, since it has the most negative improvement indesx
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Solutionbank D2

Edexcel AS and A Level Modular Mathematics

Exercise B, Question 3

Question:

start with the initial, north-we st corner, solutions found in question 3 of exercise 14
In each case use the initial solution, and the original cost matrix, shown below,

to find
a the shadow costs,

b the improvement indices

¢ the entering cell, if appropriate.

P 0 R Supply
A 17 | 24 | 1% 123
B 15 | 21 | 25 143
C 19 | 22 | 18 24
D 20| 27| 16 150
Demand | 200 | 100 | 200
Solution:
a
Shadow costs 17 125 | 19
P o | R Supply
0 A 17 [ 24 | 1% | 123
-2 B 12 |21 | 25 | 143
-1 & 19 122 | 18 |84
-3 D 20 127 | 16 | 150
Demand | 200 | 100 | 200

b Improvement indices for cells:

TP =19+1-17=3

DF = 20+4+3-17

=6

AQ=24-0-23=1
Do=27+3-23=7

AR =15-0-15

=0

BE = 25+2-1%=8

¢ There are no negative improvetnent indices, so the solution is optitmal.
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Solutionbank D2

Edexcel AS and A Level Modular Mathematics

Exercise B, Question 4

Question:

start with the initial, north-we st corner, solutions found in question 4 of exercise 14
In each case use the iitial solution, and the original cost matrix, shown below,

to find
a the shadow costs,

b the improvement indices
¢ the entering cell, if appropriate.

P 0 R b Supply
A 56 | 86 | B0 61 134
B 59 | 76| T8 65 203
C 62 | 70| 57 67 176
D 60 | 68 | 75 71 187
Demand | 175 | 175 175 | 175
Solution:
a
Shadow costs 56 | 73| &0 | 56
P o | R = Supply
0 A S6 [ 86 | 80 [ &1 | 134
3 E 28 [ 76 | TB |65 | 203
-3 @ G2 [7F0 | 57 | &7 | 176
15 D 60 [ &8 | 7S |71 | 187
Demand | 175 | 172 | 175 | 175

b Improvement indices for cells:

TP =62+3-56=19

DP =60-15-56=-11

AQ=86-0-73=13

Li=68-15-73=-20
AR =80-0-60=20

BE =75-3-60=15
AR =61-0-5%%=5
ES =65-3-5%6=¢
23 =67+3-56=14

¢ Entering cell 12 DO, since it has the most negative improvement indesx,
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Solutionbank D2
Edexcel AS and A Level Modular Mathematics

Exercise C, Question 1

Question:

Complete vour solutions to the transportation problems from question 1 in exercise
14, Toushould demonstrate that vour solution is optimal.

P Q) R | Supply
A 150 | 213 | 222 32
B 175 | 204 | 218 44
C
D

188 | 198 | 246 34
emand | 25 | 45 37

Solution:
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F QJ E supply

150 213 [ 222 | 52

188 | 198 [ 246 | 34

A
E 175 204 | 216 | 44
i
L

emand | 28 |45 | 37 | 110

Cur current selution s

IO |E | Supply

28| 4 32

24| 34

A
E 413 |44
Z
D

emand | 28 [ 45| 37| 110

We established 1n question 1 of exercise 1B that the entering cell was CQ, so we enter
& into cell CO and get the following stepping stone route

PO E Supply
A 28 | 4 32
E 41-8 | 3+8 | 44
iZ g 34-8 | 34
Demand | 28 | 45 37 110

The largest possible value of & 1z 34, making CE. the exiting cell, and giving the

imnproved solution.

Q| E | Supply
& 28] 4 52
B T 37| 44
C 24 34
Demand | 28 [ 45| 37| 110

Thiz gives the following shadow costs:

shadoew costs 150 215 | 227
E Q) E | Supply
] A 150 [ 213 | 222 32
-9 B 175 204 | 218 44
-15 &) 185 [ 198 | 244 34
Demand | 28 | 45 | 37 110

Improwement indices for cells:
BP =175+5-130=734

CP =188+15-150=53
AR =222-0-227=-5
CE = 246+15-227 =34

The zolution 15 not optimal, since we have a negative improvement index and the new

entering cell 15 AR
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We insert & into cell AR and set the following stepping stone route

F Q) E supply
A 281 4-8 g 32
E T+8 | 37-8 44
Z 34 34
Demand | 28| 45 a7 a0

The maximum wvalue of & 1z 4 making AQ the exiting cell
Improwed solution

Pl Q| E | Supply
I E 4| 32
B 11| 33| 44
C 34 34
Demand | 28 | 45| 37| 150
Shadow costs
150 | 208 [ 222
E Q| B | Supply
0 A @ O @ 33
i B 175 44
—10 c 188 @ o6 | 34

Demand | 28 | 45 | 37 150

Improvement indices

AQ= 213-0-208=5
EP = 175+4-150=25
TP = 188+10-150 =43
CE = 246+10-222=34

since all improvement indices are non-negative we have the optimal solution

Pl Q| E | Supply
A 28 4 32
E 1133 44
C 34 24
Demand | 28 [45] 37| 150

© Pearson Education Ltd 2C

28 units Ato P
dunits Ato B
11 unitz B to
33umts Bto K
24 units Cto O
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Solutionbank D2

Edexcel AS and A Level Modular Mathematics

Exercise C, Question 2

Question:

Complete vour solutions to the transportation problems from question 2 in exercise
14, Toushould demonstrate that vour solution is optimal.

P | Q| R | S | Supply
A 27133 34| 4 54
E 31 (28| 37|30 67
C 40 | 32| 28 | 35 29
Demand | 21 | 32 | 51 | 46
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Pl Q| E| S| Supply
A 2113313441 54
E 31| 22| 37|30 67
iZ
D

401322835 28
emand | 21 | 32| 51 46| 150

Cr current solution from question 2 of exercise 14 13

Pl Q| E| S| Supply

A 210132] 1 54
E S0 17 &7
i 29 29

Demand | 21| 32| 51 | 46| 150

We established in question 2 of exercise 1B that the entering cell was CE, so we enter
& into cell CR and getthe following stepping stone route

PO E = Supply
A 21132 1 54
B S0-8 | 17+8 &7

2 g 23-4 23
Demand | 21 | 32 51 46 150

The largest possible value of & 12 29, making C3 the exiting cell and giving the
improved solution

Pl Q| E| 3| Supply

A 2113211 54
B 21 46| &7
iZ 23 29

Demand | 21| 32| 51 46| 150

Thiz gives the following shadow costs:

Shadow costs | 27| 33| 34 | 27

P|Q|R| S| Supply
0 A @@ 41| 54
3 B |31]29 @ 67
-6 c 4032 35| 29
Demand | 21[32[51 [46] 150
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Improvement indices

AS=41-0-27=14
BF =31-3-27=1

BO=28-3-33=-7
CF =40+6-27=13

CQ=324+6-33=5
CE =3546-27=14

The entering cell must be B, giving the following stepping stone route

F @] E 5| Supply
A 21| 32-8 | 148 24
E g 21-8 | 46 &7
C 29 29
Demand | 21 a2 ol 461 130

The largest possible value of & 13 21, making BE the exiting cell and giving the

following improved solution,

P1QE| 5| Supply
& 21011 22 54
B 21 46 &7
C 29 29
Demand | 21 (32| 51| 46| 150

Thiz gives the following shadow costs

file://C:\Users\Buba\kaz\ouba\d2_1 c 2.f

Shadow costs | 27 | 33| 34 | 34
P|Q| RS Supply

0 A |@)\GI\EH[ 41| 54
4| B |3 37 67
6| C |40]32 35| 29
Demand | 21|32 (51 [46] 150
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TImprovement indices:

A3 =41-0-34=7
EP =31+4-27=18
BE =37+4-34="7
CP =40+6-27=15%
CQ=32+4+6-33=5
C5 =35+6-34=7

Al improvement indices are non-negative so our selution 15 optimal

Optimal solution

21 units Ate P

11 unitz A& o Q)

22 units A to B

21 units B to O

46 units B to 3

28 units Cto kB Cost 4479
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Solutionbank D2
Edexcel AS and A Level Modular Mathematics

Exercise C, Question 3

Question:

Cotnplete your solutions to the transpottation problems from question 4 in exercise
1E. Tou should demonstrate that vour solution is optimal.

P Q R 5 | Supply
56 | 86| B0 | A1 134
3% | M6 | TR | A5 203
2 | A0 | 57 | &7 176
&0 | 63 | 75 | 71 187
Demand | 175 | 175 | 175 | 175

o 2| |

The solution to question 3 requires a number of iterations, plus the optimality check —
vou will certainly get lots of practise in implementing the algorithms!

Solution:
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B Q) E = | Supply
A 56 | B& | BD | 61 134
E 59 | F6 | 78| 65 203
iZ 62 | 70| A7 | &7 176
D
D

60 | 68 | 75 | 71 187
emand | 175 175 175 175 700

Initial solution (from question 4 of exercise 14)

T @] E = | Bupply

A 134 134
B 41 | 162 203
& 13 | 163 176
D 12 | 175 187

Detmand | 175 175 175 | 175 700

The entering cell i DO (from question 4 of exercize 1B)

Stepping stone route

E Q) E = | Supply
A 124 134
E 41 162 203
iZ 13-8 | 16348 176
D & 12-8 [ 175 187
Demand | 175 175 175 175 700

=12 Exiting cell 15 T3

improved solution

F 9] E = | Supply
& 134 134
E 41 | 162 203
Z 1 | 175 176
D 12 175 | 187
Demand | 175 175 175 | 175 | 700

Shadewcosts | 26 | 73 | 60 [ 76

Pl o] R[5 |Suply

0 A 86 | 80 | 61 | 134
3 B 78 | 65 | 203
Z| & 62 |(70) @ 67 | 176
5| D 60 75 @ 187
Demand | 175 [ 175] 175 [ 175 ] 700
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Improvement mndices: AQ=86—0-73=13
AR =80-0-60=20

Entering cell AF
stepping stone route

AR =61-0-T6=-15

BRE =78-3-60=15

B =65-3-T6=-14

TP =624+3-56=0
5 =67+3-Th=-6
DP =604+5-56="5
DE =75+5-60=20

F 9 E ) supply
A 134-4 g 124
E 41+8 | 162-8 203
) 1 175 176
D 124+ 8 175-8 187
Demand 175 175 175 175 F00
Greatest value of & 13 134
Exiting cell 15 AP
F ] E 5| Supply
A 134 134
E 175 28 203
3 1 175 176
D 146 41 187
Demand | 175 175 | 175 175 | 700
Shadow costs 41 | 58 | 45 | 61
F ] E 5| Supply
0 " 56 | 26 | 20 134
18 B (39 78 | 65| 203
12 c 62 GD| 67| 176
10 D 60 75 |@D] 187
et 1751175 175 195 700
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Improvement indices: AP =56-0-41=15
AQD=86-0-58=28
AR =80-0-45=35
BE =78-18-45=15
EBE =65-18-61=-14
CP =62-12-41=9
CE =87-12-61=-%
DF =60-10-41=5
DE =75-10-45=20

Entering cell 1z BS

F Q) E = supply
A 134 | 134
E 175| 28-8@ g 03
C 1 175 176
D 146+ & 41-8 | 1387
Demand | 175| 175 | 175 | 175 | 700
&=28 Exting cell 15 BQ

T ] E 2| Supply
A 134 | 134
) 175 28 | 203
C 1 | 175 176
D 174 13 | 187
Demand | 175 | 175| 175 | 175| 700
Shadow costs 55 | 88 | 45 61

F 8] E 5| Supply

0 A 56 | 86 | 80 134
4 B 76 | 78 @ 203
i C 62 @ 67 | 176
10 D 60 75 @ 127

Demand | 175 | 175|175 | 175 ] 700

file://C:\Users\Buba\kaz\ouba\d2_1 c 3.f

Paged of 6

3/11/201.



Heinemann Solutionbank: Decision Mathematics :

Entering cell 1z CF

P Q) E = supply
& 134 154
B 175 28 203
& 1-8 | 175 g 176
D 174+ 8 12-8 | 187
Demand | 175 175 175 175 00
&=1 Exiting cell OO
T @] E 5| Supply
& 134 | 134
E 175 28 203
C 175 1 176
D 175 12 187
Demand | 175 | 175 | 175 | 175 700
55 58 51 61
Shadow costs
F Q) E = supply
& 56 56 50 £1 134
4 B (59) 76 78 (63) 203
i 62 0 @ 176
10 D &0 @ 75 @ 187
Demand 175 175 175 175 700

Improvement indices:

Entering cell 12 DP.

AP =56-0-53=1

AQ=86—-0-58=28
AFE =80-0-51=2%
BQ=T6-4-58=14
BE =78-4-51=23
CP =62-6-55=1
CQ="T0-6-58=46
DP =60-10-55=-5
DE=75-10-51=14

T Q| R = supply
& 134 134
E 17548 28+8 | 203
Z 175 1 176
D g 175 12-4 187
Demand 175 175 | 175 175 700
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=12 Exiting cell iz D3

F 9] E = | Supply
& 124 | 134
E 163 40 203
C 73] 1 176
D 12 | 175 187
Demand | 175 175 | 175 | 175 | 700
25 | 63 | 51 | 61

Shadow costs T o = SR
0 A 56 | 86 | 80 [ (6D | 134
4 E 69 [ 76 | 78 [ (65 | 203
& C 62 | 70| GED | BDH | 176
5 N GO Ed] 75 | T 187

Demand 175|175 | 175|175 700

Improvement indices:

o negative improvement indices so our solution iz optitnal

134 units A to 2
163 units Bto P

A0 units B to 3

175 unts Cto B

1unit Cto 5
12 units D te P

175 unite D to Q

© Pearson Education Ltd 2C

AP =56-0-55=1
AD=86-0-63=23
AR =80-0-31=28%
BO=76-4-£63=5
BR =75-4-51=1253
CP =62-6-55=1
2 =70-6-63=1
DE =75-5-51=1%
D5 =71-5-61=5

Cost 43 053
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Solutionbank D2
Edexcel AS and A Level Modular Mathematics
Exercise C, Question 4

Question:
P | )| Stock
A 2 18 3
B 217 3
C 6 |8 2
Demand | & | 4

The table shows the unit cost, 1n pounds, of transporting goods from each of three
warehouses A, B and C to each of two supermatkets P and Q. It alse shows the stock
at each warehouse and the demand at each supermarlet,

=olve the transportation problem shown in the table TTze the north-west corner method
to obtain an initial solution You must state your shadew costs, improwvement indices,
stepping-stone routes, & walues, entering cells and exiting cells. You must state the
initial cost and the improved cost after each tteration

Solution:
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P| Q] Stock
A 216 3
B 217 5
© 6% 2
Demand | 6| 4 10
Ihitial selution
P Q| Steck
A 3 3
E 312 5
6 2 2
Demand | & | 4 10
Shadewcosts | 2 | 7
Pl Q| Stock
0 i @ 6| 3
0 B 20T B
Z e 6 [3) =2
Demand | &6 | 4 10
Improvement indices
AQ=6-0-T7T=-1
CP=6-2-2=2
AC) 15 the entering cell
1% 2| Stock
A 3-8 g 3
E i+8 | 2-8 5
3 2 2
Demand & 4 10
& =2 E=xting cell BQ.
P | Q| Stock
A 112 3
E 5
iz 2 2
Demand | & | 4
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Shadow costs

2

P

0 A C
E

Stock

L)
e

3 iZ &

-2
SOEIONE
L]

Demand | &

Improvement indices

BO=7-0-6=1

CP=6-3-2=1

There are no negative improvement indices 3o our solution iz optimal
1 unit from A to P

2 units from & to

Sunits from BEto P

2 unitz from C to O Cost 42

© Pearson Education Ltd 2C
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Solutionbank D2
Edexcel AS and A Level Modular Mathematics

Exercise D, Question 1

Question:

Formulate the following transportation problem as a linear programming problem.

P 0 R | Supply

A 150 215 222 32
B 175 204 218 44
C 188 | 198 | 246 24

Demand | 28 | 45 | 37

Solution:

Let x; be the number of units transported from i to j where
ie{dB.C)

Je{P.QR}

e
xa,_[]

Minimize O =150x, +213x, +222x;
+1755,, + 2045, + 2182,
+188x3, +198x, + 2465,

Subject to xy; +x, txp =32
Ky T X T Xy =44
Hp T+ eyt g =34
It ry trg =28
Ky T Xy Ty 245

A+ Ag + ey 237

© Pearson Education Ltd 2C
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Solutionbank D2
Edexcel AS and A Level Modular Mathematics
Exercise D, Question 2

Question:

Formulate the following transportation problem as a linear programming problem.

P | Q| R | S | Supply
A E A T B 54
B 31 [ 28| 37| 30 &7
C
D

40 | 32 ] 28 | 35 29
emand | 21 | 32 | 51 | 4&

Solution:

Let x; be the number of units transp orted from i to j where
ie {ABC)
Je{F.QE.5

i)
xﬁ,_Cl

Minimise O = 27x; + 332, +34x, +41x,
Ay +297, +37 1, +30x,,
A0z, +32x, +28x,; +35x,,

Subject to xy +a, tazt+x, =54
Ty FEy tEpt o 267

Tyt Ay T agp tag = 29

xy t Xy g =21
O T =32
It i =51
Ty T X T Xy =46

© Pearson Education Ltd 2C
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Solutionbank D2
Edexcel AS and A Level Modular Mathematics

Exercise D, Question 3

Question:

Formulate the following transportation problem as a linear programming problem

P Q) R Supply
A 17 | 24 | 18 123
B 15| 21| 25 143
C 18 | 22| 18 a4
D
D

200 27 | 16 150
emand | 200 | 100 ] 200

Solution:

Let x; be the number of units transported from i to j where i € (A,B,C, D}
and je{P,Q.R}
x; 20
Minimise O = 17x; +24x5, +1%x;
155, +21x, + 252,
+185, + 2275, +1825;
+alxg, + 275, +16x,;

Subject to i trgtag =123
Tyt iyt =143

Tyt th =84

Zyg FEgp s =150

Ittt ry =200

Tyt Ep Ry Tx, =100

Xg tEg Ry txg 2200

© Pearson Education Ltd 2C

file://C:\Users\Buba\kaz\ouba\d2_1 d 3.t 3/11/201.



Heinemann Solutionbank: Decision Mathematics :

Solutionbank D2

Edexcel AS and A Level Modular Mathematics

Exercise D, Question 4

Question:

Formulate the following transportation problem as a linear programiming problem,

P Q) R 5% | Supply
A 36 | B6 | B0 | 61 134
B 29 | Y6 | TR | 65 203
C 62 | 0| 57 | &7 176
D
D

B0 | 68 | 75 | A 187
emand | 175 | 175 175 | 175

Solution:

Let x; be the number of units transported from i to j where i € {A,B,C,D}
and fe{F,Q,E. 5

Minimise O = 562, +86x, +80x,; +61x,
585y, + 76xy, + 785, +65xy,
Ho2ry + 70, + 575, + 671y,
0z, +68x, +75x,,+ 71z,

Subject to xp txy txsta, =134
Ty FEy tEp o = 203
Tyt gyt tx, 2176
Xy tEg T+, =187
ot igtrgtrg =175
Xyt Epy Tty Ty =175
Tzt Egs X tEz 2175

Tyt Egy T Xy T, =175

© Pearson Education Ltd 2C
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Solutionbank D2
Edexcel AS and A Level Modular Mathematics
Exercise E, Question 1

Question:
L M | Supply
A 20 | 70 15
E 40 | =0 ]
C &0 | 20 ]
Demand | 16 12

The table shows the cost, in pounds, of transporting a car from each of three factories
A B and Cto each of two showrcoms L and M. It also shows the number of cars
available for delivery at each factory and the number required at each showroom.

a TTze the north-west corner method to find an initial selution,

b Saolve the transportation problem, stating shadow costs, improvement indices,
entering cells, stepping-stone routes, & walues and exiting cells,

¢ Demonstrate that vour solution is optimal and find the cost of your optimal
solution.

d Formulate this problem as a linear programming problem, making your decision
variables, objective function and constraints clear.

e Werify that your optimal solution lies in the feazible region of the linear
programming problem.

Solution:
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M | Steck
A 15 15
E 1] 4 5
© 3 2
Demand | 16| 12 28
]
Shadoew costs 200 10
L | M| Stock
0 A @[ 70| 15
20 & 60 g
16 12| 28

TImprovement indices,
AW =T0-0-10=60

CL =60-580-20=—-40
Entering cell CL 8=1
Eziting cell BL

L j%1 Stock

A 15 15
E 1-8 | 4+8 5
5 g 2-4 2
Demand 16 12 28
M | Stock

A 15 15

E 5 5

& 117 2
Demand | 16| 12 28
Shadow costs 20| 50

L | M| Steck

0 5 70| 15
50 E 40 5
40 & 2

Demand 16| 12 28
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¢ Improvement indices:
AM =T0-0-50=20
BL =404+20-20=40

Mo negative improvement indices, so optimal solution.
15 units from A to L

Sunits from B to I Cost: 1 140

1 unit from O to L

7 units from C to I

d Let x; bethe number of units transported from i to j where i € {A,B,C} and

J € {L,Mj
x =0
Minimize O = 20x,; +70x,
+40x,, +30x,
+60x, + 9%,
Subiect to apta, =15
Ay tEg =5
Iy tig =8
iyt xytrg; =16
Kyt Ep R, 212

e In our selution

i =15 x, =0

=0 m,y =5

Xy =l omy =7
mtx, =15 1540=15
Iy tr, =25 04525
Tt rn =8 147 =8

Xy ta +tay =16 15404116

Tyt T, 212 0454712

© Pearson Education Ltd 2C
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Solutionbank D2
Edexcel AS and A Level Modular Mathematics

Exercise E, Question 2

Question:
P | Q R | Supply
F 23 | 21| 2z 15
G 21 | 23| 24 35
H 22 1 21| 23 10
Demand | 10 | 30 | 20

The table shows the cost of transperting one unit of stock from each of three supply
pointz F, G and H to each of three sales points P, Q and E. It also shows the stock held
at each supply point and the amount required at each sales point

a Use the north-west corner method to obtain an mitial solution

h Taking the most negative improvement index to indicate the entering square,
perform two complete iterations of the stepping-stone method. You must state your
shadow costs, improvement indices, stepping-stone routes and exiting cells,

¢ Ezplain how you can tell that vour current solution is optimal.

d State the cost of your optimal solution,

e Taking the zero improvement index to indicate the entering square, perform one
further itteration to obtain a second optimal solution

Solution:
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Q| B | Stock
F 10| 5 15
G 25010 33
H 10| 10
Demand | 10| 30 | 20| &0
b
shadow cost 23121 22
P| Q| E|Steck
0 F @3)@D| 22| 15
2 G 21(23) 35
1 H 22|21 |(23)| 10
Demand 03020 &0
Improvement indices:
FE =22-0-22=10
GP =21-2-23=-4
HF =22-1-23=-2
HOo=21-1-21=-1
Entering cell 12 GP.
T 0 E | Stock
F 0-8 | 5+8 15
i3 g 25-8 | 10| 35
H | 10
Demand 10 30 200 &0
=10 exiting cell FP
improved solution:
Pl Q| E | Steck
F 15 15
3 wila|10] 35
H 10 10
Demand | 1030 20 [ &0
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Shadew cost 19121 22
|l Q|E | Steck
0 F 23|@D)[ 22| 15
IEECCCE
1 H 22] 21 |@3)| 10
Demand 103020 &0
TImprovement indices:
FP =253-0-15=4
FE =22-0-22=10
HP =22-1-1%=2
HO=21-1-21=-1
Entering cell iz HO
T ] E stock
F 15 15
G 0| 15-8 | 10+8 | 35
H g -4 10
Demand | 10 a0 20 &0
=10
Ezxiting cell is HE
Improved solution
|l Q| R | Stock
E 15 15
G W| 5|20 35
H 10 10
Demand | 10| 30| 20| &0
shadow costs 19121 22
Dl Q| E | Steck
0|F 231@D[ 22| 15
2o BEBE
0| H 22 |2D)| 23| 10
Demand 10 3020 &0
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Improvement indice

FP = 23-0-1%=
FE =22-0-22=
HP = 22-0-1%=

5.

4
0
3

HE = 23-0-22=1

¢ Mo negative improvement indices, so optimal solution

d 15units Fto O
10 units Gte P

5 units Gto Q Clost: 1 330
20 units Gto B
10 units H to O
e entering cell FE.

F Q E =tock
F 15-4 g 15
¢} 10 5+& | 20-4 35
H 10 10
Demand | 10| 30 20 60
g=15
exiting cell FQ
second solution

P | Q| R |[5Steck
F 15 15
G 1120 5 35
=i 10 10
Demand | 10| 20| 20| &0

© Pearson Education Ltd 2C

Cost alse 13230
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Solutionbank D2
Edexcel AS and A Level Modular Mathematics

Exercise E, Question 3

Question:
X Y Z Supply
J 8 5 7 30
K ] 5 9 40
L K 2 10 a0
M & 2 15 ]l
Demand | 25 | 45 100

The transportation problem represented by the table abowe 15 to be solved. & possible
north-west cornier solution is

X | Y Z | Supply

J 25 | 5 30
K 40 40
L 0 50 50
M 50 50

Demand | 25 | 45 | 100

a Ezplain why it is was necessary to add a zero entry (in cell LY to the solution,

b State the cost of this initial selution

¢ Choosing cell M as the entering cell, perform one iteration of the stepping-stone
method to obtain an improved solution. You must make your route clear, state your
exiting cell and the cost of the improved solution.

d Determine whether your current solution 15 optimal. Give a reason for your answer.

After two more iterations the following solution was found.

X Y Z | Supply

J 30 |
K 20 | 20 40
L 50 50
M 25 | 25 0

Demand | 25 | 45 | 100

e Taking the most negative improvement index to indicate the entering square,
perform one further complete iteration of the stepping-stone method. You must
state your shadew costs, improvement indices, stepping-stone route and exiting
cell

Solution:
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a Otherwize the solution would be degenerate.

b 1675
c
X T Z supply

J; 25-8 | 544 30
K 40 40
L 0-8 | 044 50
i1 g 50-8 50
Demand 25 45 100 170

The exiting celliz: LY =0

XY | £ | Supply

i 20548 30
E 40 40
L 50 50
il 0 50 50

Demand | 25| 45| 100 170

The cost 15 unchanged at 1675

d
0 i @ 7] 30
0 K 51(3) 9| 40
-7 i 7| 2 50
-2 M 3 (19| 50
Demand | 25| 45| 100| 170

Improvement indices:
JZ2 =7-0-17=-10
EX =5-0-8=-3
EZ =9-0-17=-8
L¥ =7+7-8=46
LY =2+7-5=4
MY =3+2-5=0

Thiz zolution is not optitnal since there are negative improverment indices.
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| T | 2 | Supply
T 30 30
E 200 20 40
iy 50 50
il 25| 25 a0
Demand | 25 |45 | 100 | 170

Shadow costs & 3 7
| Y| 2 | Supply
0 7 2|5 @ 30
2 K 5 |(5) 40
3 T 74| B 50
0 M @ 15 | 50
Demand | 25| 45| 100| 170

Improvement indices:

JX=8-0-6=2

J¥=5-0-3=2
EX=5-2-6=-3
LY =7-3-6=-2
LY =2-3-3=-4
MZ =15-0-7=8
Entering square 1s LY

X T Z Supply
T 30 30
E 20-8 | 20+8 40
L g 20-48 a0
i1 25 25 a0
Demand | 25| 45 100 170

&=720 Exiting square 1s KT
Improwed solution

Y | 2 | Supply
I 30 30
K 40 40
L 20| 30 50
i1 25| 25 50
Demand | 25 [ 45 [ 100 170
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Shadow costs 21 -1 7
XY | 2 | Supply
o7 81 5 G":J 30
21K 50 5 @ 40
3L 7k (2} O_[f]j a0
4 | L (S’) @ 15 a0
Demand 25 45| 100 170

Iinprowvement indices;
J¥X =8-0-2=%
J¥ =5-041=¢
EX=5-2-2=1
EY =5-2+1=4
L =7-3-2=2
MZ=15-4-7=4

All improvement indices are non-negative, 20 we have an optitnal selution,

20 units b to X

2oumits M to T

20units Lto T Cost 1135
30 units Lto £

40 pmts K to £

A0units J to £

© Pearson Education Ltd 2C
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Solutionbank D2
Edexcel AS and A Level Modular Mathematics

Exercise E, Question 4

Question:
& U | Supply
A & 10 7 a0
B 7 5 5 |70
C & 7 7 a0
Demand | 100 | 30 20

a Ezplain why a dummy demand point might be needed when solving a
transportation problem.

The table shows the cost, in pounds, of transpotting one wan load of fruit tree seedlings
from each of three greenhouses &, B and C to three garden centres 3, T and TT. It alsc
shows the stock held at each greenhouse and the amount required at each garden
Centre.

b Tse the notth-west corner method to obtain an initial solution

¢ Taking the most negative improverment index in each case to indicate the entering
square, uze the stepping-stone method to obtain an optimal solutien. Tou must state
vour shadew costs, improvement indices, stepping-stone routes, entering squares
and exiting cells.

d State the cost of your optimal selution.

e Formulate thiz problem az a linear programming problem. Make your decision
variables, objective function and constraints clear,

Solution:
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a The total demand 1z 150, the total stocl: 12 170 0 demand < stock

We need a dummy demand to absoth the surplus stock

3 T | Dummy | Stock
A & | 10| 7 0 50
B 7 8 0 70
C & | 7|7 0 o0
Demand | 100 | 30| 20 20 170
b Initial selution
= | T | U | Dummy | Stock
A a0 a0
E a0 | 20 70
C 10| 20 20 50
Demand | 100 ) 30 | 20 20 170
c
=hadow costs & 4 1 4 -3
= | T | U | Dummy | Stock
0 A 0] 7 0 50
1 B MG s | o 70
N O CECE
Demand 100 30| 20 20 170
Improvement indices:
AT =10-0-4=4%
ATl =7-0-4=73
A Dummy =0-04+43=73
BT =5-1-4=73
EDummy =0-1+32=2
C3 =6-32-6=-3
= Ik T | Dummy | Stock
A ] a0
B a0-8 | 20448 0
C & -2 |20 20 a0
Demand | 100 30 20 20 170

Entering square C5 =10
Exiting square CT
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Iinprowed solution

ST | T | Dummy | Stock
A 30 50
B 40 | 30 70
6 10 20 20 50
Demand | 100 | 30| 20 20 170
shadoew costs & 417 0
= | T | U |Dummy | Stock
0] & 10| 7 0 50
1B QICE 0 70
oo O @ [ =
Demand 100 =0 |20 20 170

Improwement indices:

AT =10-0-4=4§
AT =7-0-7=10
A Dummy =0-04+0=0
EU =5-1-7=0
E Dummy =0-1-0=-1
T =7-0-4=3

= T | T | Dummy | Stock
A ll] a0
E 404 | 20 & 70
C 10+ 8 20 20-4 a0
Demand | 100 | 30| 20 20 170

Entering square B Dummy
=20

Exiting square C Dummy.

Tmprowed solution
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= T | T | Dummy | Stock
A a0 a0
E 20 | 30 20 70
iz 20 20 a0
Demand | 100 | 30| 20| 20 170
Shadow costs & | 417 -1

= | T | T | Dummy | Stock

0 A @9 10| 7 i 50
1 O @ |7
0 @ (E} Z (:) i 50

Demand 100 30 | 20 20 170

Improvement indices:

AT =10-0-4=6
=7-0-7=0

ATT

A Dummy =0-04+1=1
BU =8-1-7=10
CT =7-0-4=3
C Dummy =0-0+1=1

The tweo zero improvement indices indicate that
there are two further optimal solutions.

TTzing ATT as an entering square, we get

= T | T Dummy = T | T | Dummy | Stock
A o0-8 g A 20 20 o0
B |20 30 20 — | B 200 |30 20 70
| 30+ 4 20-8 i o0 a0
Demand | 100 | 30 | 20| 20 170
Tsing BT as an entering square, we get
= AE T Dummy = T | T | Dummy | Stock
A a0 A a0 a0
E|an-& |30 g 20 — | B a0 |20 |20 70
| 30+8 20-4 C ll] 0 a0
Demand | 100 | 30 | 20 | 20 170
\l = T | U | Dummy | Stock
A 50 a0
E 0 30020 20 70
Z a0 a0
Demand | 100 | 30 | 20| 20 170
d Cost 910
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e Let x; bethe number of units transported from i to j where i € {(A,B,C} and
48 T, 1T, dummy}

X2 0

Minimize O = 62 +10x, + 755
+ixy + 05, + 82y
FEx + Ty + e

Subject to xy +x,+ g +x, =50
Tyt Epat Xty =70
gt Ay tagta, =50

X Ay =100
Ty Ry TRy =30
Xzt Xty = 20
Ty gy T =20

© Pearson Education Ltd 2C
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Solutionbank D2
Edexcel AS and A Level Modular Mathematics

Exercise A, Question 1

Question:

The table shows the cost, in pounds, of allocating worlcers to tasks.

Eeducing rows first, use the Hungarian algorithin to find an allocation that minimises
the cost. Tou should make your method clear, showing the table at each stage and
state your final selution and its cost.

Task X Task ¥ Task 7
Worker & | 34 35 31
Worker B | 26 21 27
Worker C | 30 37 32
Solution:
34 35 31 : 340
reduring
263127 | —= =051 |—
rows
3037 32 n7z
: By -
reducing i
—=| 011
columns !
32
| 400
Minitmum uncoveredis 1 |0 00
021

Twro solutions:

A-T (33 A-Z 03N

E-Z (27 or B-Y (31) cost32
C=2 (a0 C=2 (30

© Pearson Education Ltd 2C
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Solutionbank D2

Edexcel AS and A Level Modular Mathematics

Exercise A, Question 2

Question:

The table shows the cost, in pounds, of allocating worlcers to tasks.
Eeducing rows first, use the Hungarian algorithm to find an allocation that minimises
the cost. You should malke your method clear, showing the table at each stage and

state your final solution and its cost.

Task A | Task B Task C | Task D
Worlcer P 34 37 3z 3z
Worker ) 35 32 34 37
Worker R 4z 35 37 36
Worlcer 8 38 34 35 3%
Solution:
34 37 32 32 2500
3532 34 37 reducing 30245
— —
42 3537 36 rows 7021
38 34 35 39 4015
i
850 0y
reducing| 1 l‘:J 25
columns | 5 [E] 21
2015
: 0600
x : o014
Minimum uncovered iz 1
4010
1004
Two solutions
P-4 (3 P-D (33
-B G2 -4 (35
< 32) Q (39) cost 137
E D (36) E-E (33
-0 35 =—C (30

© Pearson Education Ltd 2C
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Solutionbank D2
Edexcel AS and A Level Modular Mathematics
Exercise A, Question 3

Question:

The table shows the cost, in pounds, of allocating workers to tasks,

Eeducing rows first, use the Hungarian algorithm to find an allocation that minimises
the cost. You should make your method clear, showing the table at each stage and
state your final solutien and its cost.

Task R | Task S Taslk T Taslk U
Worlcer J 20 22 14 24
Worlcer K 20 15 12 20
Worlcer L 13 10 18 16
Worker I 22 23 9 28
Solution:
202214 24 & 3 010

201912 20 reducing 8708
— —

1310 18 16 FOWS 2086

2223 9 28 12140189

38 h:] 4
reducing| 5 7 [':] 2
i
columns —e—{}—?l&—e— -

1014913
16 E? 2
5 dssd-o
Minimum uncovered element 15 2 i
--(}-B-’riEi-E)-
21z q] 11
0501 Minimum D5 BES
is5 10 d
Winimum uncovered element iz 1 or u;lu:overe 24 00
00110 element
FE0ED 15 Y L
Zolution 711010
J-E (2
E-T1T (20
cost 59
L-% {1
M-T (%
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Heinemann Solutionbank: Decision Mathematics :

Solutionbank D2

Edexcel AS and A Level Modular Mathematics

Exercise A, Question 4

Question:

The table shows the cost, in pounds, of allocating workeers to tasks,

Eeducing rows first, use the Hungarian algorithim to find an allocation that minimises
the cost. Tou should make your method clear, showing the table at each stage and

state your final solution and its cost

TaskV | TaskW | Task X | Task¥ | Task Z
Worker D | 85 a5 o7 27 20
Worker E | 110 115 a5 105 100
Worker F | 50 a5 26 23 105
Worker G | 85 833 24 25 a7
Worker H | 100 100 105 120 95
Solution:
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Heinemann Solutionbank: Decision Mathematics :

83 85 97 87 B0 2151770
110115 95 105100 : 1520 010 5
reducing
90 85 86 93 105 | — —=| 4 5% 0 715
85 83 84 85 87| 20124
100100105120 95 S 510250
Blsi & ¢
13200 8 3
reducing ' '
columns 23 [b ° 1,9
-F - -I——E] —4— -
i 5 1p 23 ql
11317 3 4
118 4 6 3
Minimum uncovered element 13 2 IIDT" [}I'I 3 1P
Léo-d-o-bl
312 ;
110170 0
11150 3 5
Llinimum uncovered element 122 | 0 4 0 019
30609
1 010180
There are two solutions
D- Z@ D-Y@EN
E- &0 E-X(%%
F- vVon F-WV oM
G- T(EN G-WED cost 450

H - W(l00) H-Z (85
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Heinemann Solutionbank: Decision Mathematics . Pagel of 1

Solutionbank D2
Edexcel AS and A Level Modular Mathematics
Exercise A, Question 5

Question:
100 m | Hurdles | 200 m | 400 m
Ahmed | 14 21 37 6l
Ben 13 22 40 &8
Chang | 12 20 38 70
Davina | 13 21 38 74

A junior school has to enter four pupils in an athletics competition comprising four
events; 100 m sprint, hurdles, 200 m, 400 m. The rules are that each pupil may only
enter one event and the winning team iz the one whose total time for the four events 1z
the least. The zchool holds trials and the table shows the time, in seconds, that each of
the team members takes. Eeducing rows first, use the Hungarian algerithm to
determine wheo should participate in which event in order to minimise the total time.

Solution:
14 2137 64 07 2350
12 22 40 68 reducing 092755
— -3
12 20 3270 TOWS 032658
12213974 0826461

- oe-oy-
reducing ¢]24 )
columns |1 13 8

01311

.
1
ho27

E:Jl‘;l2lli]

imimum wncovered element 15 1

3200
o112
0003
Q005

Mfinimum uncowvered element i 2

Two solutions:

A —400m (64 A — 400 m (64)
E-100m{3 B- 100m (13
C — hurdles (207 C— 200 m (38)
D—- 200m (29 D-hurdles {21}

time: 136
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Heinemann Solutionbank: Decision Mathematics :

Solutionbank D2

Edexcel AS and A Level Modular Mathematics

Exercise A, Question 6

Question:
Beech | Elm | Eucalyptus | Oak Olive
A 153 87 &2 144 76
B 162 105 =y 152 28
C 159 84 75 165 79
D 145 98 63 170 825
E 149 94 70 128 g

The table shows the cost, in pounds, of purchasing trees from five local nurseries. &
landscape gardener wishes to suppott each of these local nurseries for the vear and so
decides to use each nursery to supply one type of tree. He will use equal numbers of each
type of tree throughout the year

Eeducing rows first, use the Hungarian algorithim to determine which type of tree should
be supplied by which nursery in order to minimize the total cost.

Solution:
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Heinemann Solutionbank: Decision Mathematics . Page2 of 3

153 87 6214476
162105 57 152 BB
155 34 7516579
145 95 63170 85
149 54 70138 82

91250 82 14

_ 75180 65 1
reducing

84 9 090 4

82350107 22

79240 68 12

Tows

16 16 017 13
, rguigaugugab
reducing !
~1-9--0-8-25-3-1-
7 26042 21
415 03041

columns

1212 § 14 10
Mnimum--ﬂ--@--:ﬁ-ﬂ--e- .
uncovered--?—-ﬂ--ﬁ%&-?r- 5
clementis 3 4 233913
——1——1—2{?—8——8— -

9 90°10 6
Minimum |0 2 7 00"
uncovered | 9 0% 7 25 3
elementis 4| 0% 19 0 3514
1124 0% &

91250 82 14
5180 65 1
84 20 20 4
B2 350107 22
73240 68 12

reducing

rows
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Heinemann Solutionbank: Decision Mathematics :

1616 01713
o%000
9 00253
72604221
4150 3 11

reducing

columns

121301410
Minitmum | 0 9 20 0
uncovered | 9 0 325 3
elementi1s 3| 4 2303918
11200 B

990710 6
Minimum [0 2 7 0o 0*

uncovered | 9 0F 7 25 3
elementis 4| 0" 19 0 3514
1124 0" 8

A —Eucalyptus (62)
E - Clive (38)

C—Elm (84 Cost 517
D —EBeech (145)
E-Cak (138)
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Heinemann Solutionbank: Decision Mathematics :

Solutionbank D2

Edexcel AS and A Level Modular Mathematics

Exercise B, Question 1

Question:

The table shows the cost, in pounds, of allocating worlcers to tasks.
Eeducing rows first, use the Hungarian algorithm to find an allocation that minimises
the cost. You should malke your method clear, show the table at each stage, and state

vour final zolution and its cost.

Tasl I

Task

Worker J

23

26

Worker K

26

a0

Worker L

29

28

Solution:

23260
26 300
23 280

reducing

columns

8-04-

340
620

Mfinimum uncovered element 13 2

solution: J-M (23)
E - dummy
L-IT({2E)

© Pearson Education Ltd 2C
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Heinemann Solutionbank: Decision Mathematics :

Solutionbank D2

Edexcel AS and A Level Modular Mathematics

Exercise B, Question 2

Question:

The table shows the cost, in pounds, of allocating worlcers to tasks.

Eeducing rows first, use the Hungarian algorithim to find an allocation that minimises
the cost. You should malke your method clear, show the table at each stage, and state
vour final zolution and its cost.

Task W | Task X | Task ¥ | Task &
Worker A | 31 43 1% 35
Worker B | 28 46 10 34
Worker C | 24 42 13 33
Solution:
|
31431235 12 24[?16
28 46 10 34 éreducing 13 36 q] 24
24 4213 33 rows | 112% liﬁ 20
i
0o 0o0a0 -EI--E)--(?-E]- -
1130 5
o _ 25013
Minimum uncevered element 15 11 | | !
m18 0 9
1‘%]--[}-1-;}-8- Alternative solution
1800 Il 01z 0 4
B | 2000 8 1n1mumd
Minimum uncovered element is 5 PHCONELE 624 012
01204 element 1z 1 a8 1 7
50160
Solution: 0:0712:0
A—7Z (30 s
E-T {1
t: 69
C— W (24 AR Minimum 2 280 E g
A3 (0) uncov&r;d
element 1z 4 014 1 5
4 0160
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Heinemann Solutionbank: Decision Mathematics :

Solutionbank D2
Edexcel AS and A Level Modular Mathematics

Exercise B, Question 3

Question:

The table shows the cost, in pounds, of allocating worlcers to tasks.

Eeducing rows first, use the Hungarian algorithim to find an allocation that minimises
the cost. You should malke your method clear, show the table at each stage, and state
vour final zolution and its cost.

Task B | Task S | Task T
Worker W | 31 45 595
Worker X | 67 3z 48
Worker ¥ | B7 38 a8
Worker Z | 73 37 &0
Solution:
i
8145550 1413?@

67 32 48 0 |reducing {-6--8-0 -0
87 38 580 [columns | 20 & IDE:J

7337600 6 5120
5820
[ i
y 1000y
Minimum uncovered element 15 5 oo
15150
1970
88140
. o104
Minimum uncovered element 15 1 !
1414 5?
1-0-0-6-04-
i
7700
) ; 0207
Minimum uncovered element 15 1
12030
D061l
There are two seolutions
Wo— dummy W -T (55
H—- T4y X-FE (67
48) L cost 159

T - 5038 YT-dummy
Z-= R0 Z-30G7
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Heinemann Solutionbank: Decision Mathematics :

Solutionbank D2

Edexcel AS and A Level Modular Mathematics

Exercise B, Question 4

Question:

The table shows the cost, in pounds, of allocating workers to tasks.
Eeducing rows first, use the Hungarian algonthm to find an allocation that minimises
the cost. You should make your method clear, show the table at each stage, and state

vour final solution and its cost.

Task F | Task F | Task G | Task H
Worker P | 24 42 32 31
Worker () | 22 39 30 25
Worker R | 13 34 22 25
Worker 8§ | 19 41 27 29
Worker T | 18 40 31 23
Solution:
24 4232 310 118]U6¢
223930350 , 9581U¢
133422250 o el g-g-0-0-0-
194127200 675 4 ¢
184031330 5698¢
74620
5146 lil
Wlinimum uncovered element 15 4 -G-O-E]—B-fh -
231641
12540
Either
63510
40350
Mlinimum uncovered element1s 1 (00005 or
23101
01430
Solution:
P —dummy
Q-F (39
R-G2 cost 108
S-H (2%
T-E (18}
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Heinemann Solutionbank: Decision Mathematics :

Solutionbank D2
Edexcel AS and A Level Modular Mathematics

Exercise C, Question 1

Question:

The table shows the cost, in pounds, of allocating workers to tasks,

The crosses * =7 indicate that that worker cannot be assigned to that task.

Eeducing rows first, use the Hungarian algorithm to find an allocation that minimises
the cost. You should malke your method clear, show the table at each stage and state
vour final zelution and its cost.

Task I | Task M| Task IN
Worker P 48 34 X
Worker () P 37 &7
Worker R 53 43 a6
Solution:
48 34 140 . 14 0108
reducing
140 37 &7 1020 30
rows
53 43 56 10 0 13
4 1?93
reducing columns | 93 [b 17
= ﬁ-@-& B
' 0089
Minimum uncovered element 154 | 890 13
040

Solution: P—L (48)
Q-W (37 cost 141
E-HN(58)
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Heinemann Solutionbank: Decision Mathematics :

Solutionbank D2
Edexcel AS and A Level Modular Mathematics
Exercise C, Question 2

Question:

The table shows the cost, in pounds, of allocating worlcers to tasks.

The crosses =7 indicate that that wotrlier cannot be assigned to that task

Eeducing rows first, use the Hungarian algorithim to find an allocation that minimises
the cost. You should malke your method clear, show the table at each stage and state
vour final zelution and its cost.

Task D | Task E | Task F | Task G
Worker R 38 47 55 53
Worker 8 32 3 47 !
Worker T 3 53 43 b
Worker U 41 48 52 47
Solution:
38 47 55 53 0 %1715

32 13047 &4 |reducing| 0 981532
120 53 43130 | rows |87 10 0 87

41 48 52 47 07116
0 2179
| D 9115 26
reducing columns | | '
a7 = q] 21
-4-0-10-0+
' : 0017 7
. _ 0891524
Minimum uncovered element 15 2
871 079
2 0130
molution:
E-E &N
3-=D (32
T-F (43) cost 169
T-G 7
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Heinemann Solutionbank: Decision Mathematics :

Solutionbank D2

Edexcel AS and A Level Modular Mathematics

Exercise C, Question 3

Question:

The table shows the cost, in pounds, of allocating worlcers to tasks.

The crosses =7 indicate that that wotrlier cannot be assigned to that task

Eeducing rows first, use the Hungarian algorithim to find an allocation that minimises
the cost. You should malke your method clear, show the table at each stage and state
vour final zolution and its cost.

Task P | Task ) | Task R | Task §
Worker A 46 53 &7 7h
Worker B 48 * 61 78
Worker C 42 46 53 62
Worker D 34 a0 % 73
Solution:
46 53 &7 75 0o 7 21325

45150 61 78 |reducing | 0 102 13 30
42 46 53 62 rows |0 4 11 20

39 50 15073 01111134
310 9
) pes 2 10
reducing columns | |
-B-6-- -0~
D 7 10014
31 8 7
i i
- ) 096 0 8
Minimum uncovered element 15 2 ;:L _é g
059812
on 86
s : nes 07
Minimum uncovered element 15 1
2010
04 9811
solution: & —Q(53)
E-E (61
©n cost 215
D362
L—-P (3%

© Pearson Education Ltd 2C
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Heinemann Solutionbank: Decision Mathematics . Pagel of 2

Solutionbank D2
Edexcel AS and A Level Modular Mathematics
Exercise C, Question 4

Question:

The table shows the cost, in pounds, of allocating worlcers to tasks.

The crosses =7 indicate that that wotlier cannot be assigned to that task.

Eeducing rows first, use the Hungarian algorithim to find an allocation that minimises
the cost. You should malke your method clear, show the table at each stage and state
vour final zolution and its cost.

Task B | Task 5 | Task T | Task U | Task V
WorkerJ | 143 112 14% 137 ®
Worker K | 145 106 153 115 267
Worker L | 137 109 143 121 3
Worker M | 157 * >< 134 280
Worker N | 126 101 132 111 253

Solution:
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Heinemann Solutionbank: Decision Mathematics :

143112 143 137 £00
149 106 153 115 267
137 10% 143 121 600
157 600 600 134 250
126 101 132 111 253

reducing

31 0 37 25488
43 0 47 7 161
28 0 34 12491
23466 466 0 156
25 0 31 10152

3 0 6 25336

20 4 16 9 9

reducing columns | 3 []IJ 31

2 338

i
- 0--466-4356--4-+-

2ot

Minimum uncovered element 15 3

Ifinimum unceovered element 15 3

6305

5 0 3 22333
170 13 6 6
-2 --0---B--5-336-
- 6 269435~ 64
2--3---0--10-0
%) D 19330)
40 13 3
2 3 0 933
- P2 455 -G -4
Rl R T

L

o 0 0 17328

12 0 10 1 1

Minirnum uncovered elementis 2 | 0 3 0 7 354
0474457 0 4
2 8 2 100

Solution:

J-E {143

K -5 (106) cost 779

L-T{143

W -TT {134

-V {253
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Heinemann Solutionbank: Decision Mathematics :

Solutionbank D2
Edexcel AS and A Level Modular Mathematics

Exercise D, Question 1

Question:

The table shows the profit, in pounds, of allocating workers to tasks.

Eeducing rows first, use the Hungarian algorithm to find an alloc ation that maximizes
the profit. ¥ ou should make vour method clear, show the table at each stage and state
vour final selution and its profit.

Task C | Task D | Task E
Worker L 27 15 12
Worker M 25 12 16
Workeer M 32 41 35
Solution:
371512 4 26 29
2513 16 | Subtracting all terms from 41 | 16 28 25
324135 9.0 6
022 25 02219
reducing rows | 012 9 | reducing columns [blE ]
90 6 §-0--0-
01916
Minimum uncovered element1s 2 |0 2 0
200
Solution  L-C(37)
M-E(16) Profit 54
N-Didl)
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Heinemann Solutionbank: Decision Mathematics :

Solutionbank D2
Edexcel AS and A Level Modular Mathematics
Exercise D, Question 2

Question:

The table shows the profit, in pounds, of allocating workers to tasks.

Eeducing rows first, use the Hungarian algorithm to find an allocation that maximises
the profit. ¥Tou should make vour method clear, show the table at each stage and state
vour final zelution and its profit.

Taslkk 8 | Task T | Task U | Task ¥V
Worker C 36 34 32 35
Worker D 37 32 34 33
Worker E 42 35 37 36
Worker F 39 34 35 35
Solution:
3634 32 35 6 8107
373234 33 _ 510 8 9
subtracting all terms from 42
42 35 37 3% D7 56
2934 35 35 ERE-RRr
0241 ey -
_ 0534 _ 013 013
reducing rows reducing columns | |
D756 525
0544 013113
040
. ; oono
Minimum uncovered element 15 3
nzzz
nolo
There are two solutions
C-T (24 C-V (35
e T Profit 145
E-32) E-ZEa)
F-V {33 F-T (3

© Pearson Education Ltd 2C
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Heinemann Solutionbank: Decision Mathematics :

Solutionbank D2
Edexcel AS and A Level Modular Mathematics

Exercise D, Question 3

Question:

The table shows the profit, in pounds, of allocating workers to tasks.

Eeducing rows first, use the Hungarian algorithm to find an allocation that maximises
the profit. Tou should make vour method clear, show the table at each stage and state
your final selution and its profit.

Task E | Task F | Task G | Task H
Worlker R 20 22 14 24
Worler 8 20 1% 12 20
Worlcer T 13 10 18 16
Worker U 22 23 9 28
Solution:

202214 24 2 6 14 4
20121220 ] 82 916 8
subtracting all terms from 28
121018 16 15181012
22233 28 6 5190

42100 41100
) 0180 i {E’r{}%ﬂ
reducing rows reducing columns |
5802 SA3-2
65180 618 ql
ineaon
o _ oo 81
Minimum uncovered element 15 1
5703
53180
Selution B —F (22
gl Profit 88
T-G(18)
T-H (28
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Heinemann Solutionbank: Decision Mathematics :

Solutionbank D2
Edexcel AS and A Level Modular Mathematics

Exercise D, Question 4

Question:

The table shows the profit, in pounds, of allocating workers to tasks,

Eeducing rows first, use the Hungarian algorithm to find an allocation that mazimizes
the profit. You should make your method clear, show the table at each stage and state
vour final solution and its profit

Task J| Task K | Task L. | Task M | Task ¥
Worker A 25 85 26 27 97
Worker B 110 111 95 115 100
Worker C an 85 26 83 105
Worker D 85 87 a4 ] 37
Worker E 100 100 105 120 95
Solution:
85 95 B6 87 97 352534 3323
110111 35 115100 10 8 255 20
90 95 BE 93 105 | Subtracting all terms from 120 | 30 25 34 27 15
85 87 84 85 87 3533363533
100 100 105120 95 202015 0 25
12 21110 0 102 81p 0
5 4 20015 341?¢15
reducing rows | 121019 12 0 | reducing columns | 1310 16 IIE [ID
203 20 -E)—-B--E!--é-ﬂ:l-
202015 0 25 182012 0 25
20 6100
1215015
Ilinimum uncevered element 13 2 | 11 8: 14 1? ¢
_Q_Q_g__a:;__g_
161210 § 25
T 05100
n 214015
Wlinimum vncovered element 13 1 |10 8 1312 0
n1o0s5:3
1518 % 0 25
Selutien A - (95)
E-T(110
C-1(105) Profit 514
D -L (54
E-i{120)
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Heinemann Solutionbank: Decision Mathematics :

Solutionbank D2
Edexcel AS and A Level Modular Mathematics
Exercise E, Question 1

Question:

The table shows the cost, in pounds, of allocating workcers to tasks.
Touwizhto minimise the total cost

Formulate this as a linear programming problem, defining your variables and making
the ohijective and constraints clear.

Taslk C | Task D | Task E
Worker L 37 15 12
Worker B 25 13 16
Worker ¥ 32 41 35
Solution:

Let Xy be Qorl
{1 if worker, i does task
”

0 otherwise
where i € (L W N} and je{C D E}

MWinimizse O = 37x, +15x, +12x¢
+25x 135 +16xE
+3axy Tl +300g

Subject to: ZILJ- =1

2 g = 1
Zxﬂj =l
inc =1
7 xmi=1
2w =1

© Pearson Education Ltd 2C
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Heinemann Solutionbank: Decision Mathematics :

Solutionbank D2

Edexcel AS and A Level Modular Mathematics

Exercise E, Question 2

Question:

The table shows the cost, in pounds, of allocating worlcers to tasks.

YTouwish to minimise the total cost.

Formulate thiz as a linear programming problem, defining your variables and making
the objective and constraints clear.

Task 8 | Task T | Task UU | Task V
Worker C 36 34 32 35
Worker D 37 32 34 33
Worker E 42 35 37 36
Worker F 9 34 35 35
Solution:

Let Xy be 0 orl

0 otherwize

{l if worker i does task
’

where i € {(C,D,E,F} and je (S T,U, V).

MWinimise C = 36x,; +34x.r +325y 357

+37 xpg + 32 34 xpy + 3550,
Hing + 35x5 + 37 xgy + 36215,
+38 xpg + 3455y + 3555 + 3525,

Subject to: le:j =1

2 =1
2w =
2 =
ins =
in:r =
inU il
inv Tl

© Pearson Education Ltd 2C
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Heinemann Solutionbank: Decision Mathematics . Pagel of 1

Solutionbank D2
Edexcel AS and A Level Modular Mathematics
Exercise E, Question 3

Question:

Eepeat question 1, but take the entries to be the profit earned in allocating wotliers to
tasks, and seek to maximise the total profit.

Solution:
4 26 29
Subtract all terms from 41 | 16 28 25
a0 6

Let x; beOorl
1 1f worker; i does task
i {U othetwize

where i € [L W N} and je{C D E}

Minimize P =d4x, + 26xp + 2%
+léxm . + 2855 + 255
+mge Ho g

Subject to:

Zij = Z’%c =1
ZxMj =l inb =l
ZxNj =1 ZXJE =1

© Pearson Education Ltd 2C
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Heinemann Solutionbank: Decision Mathematics :

Solutionbank D2

Edexcel AS and A Level Modular Mathematics

Exercise E, Question 4

Question:

Eepeat question 2, but take the entries to be the profit earned in allocating wotrliers to
tasks, and seek to maximise the total profit.

Solution:

Subtract all terms from 42 6 2107

Let Xy be Dorl

5108 9
o7 56

0 otherwise

: {1 if worker i does tagk 39 77

where i € {C,D,E,F} and je {5, T, U, V}
Minimise F = bxy +8x.p +10x4+ 720

Subiect to:
DFg =1
ZXDJ. =1
2 kg =1
Z-XFj =1

Sxpg T 105 + Bxpy + 32y
+lxg + 55 + b
kg T+ R+ xpy

2 Eg =1
ZnXiT:1
Dag =1
Zxﬂ,=1

© Pearson Education Ltd 2C
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Heinemann Solutionbank: Decision Mathematics :

Solutionbank D2

Edexcel AS and A Level Modular Mathematics

Exercise F, Question 1

Question:

Adrport | Depot | Docks | Station
Bring-it 322 326 326 328
Collect-it 318 325 224 325
Fetch-it 25 319 317 320
Haul-it 523 322 319 321

A museum i3 staging a special exhibition. They have been loaned exhibits from other
museums and from private collectors. Seven days before the exhibition starts these
exhibits will be arriving at the airport, road depot, docks and railway station and in each
case the single load has to be transported to the museum. There are four local companies
that could deliver the exhibits: Bring-it, Collect-it, Fetch-it and Haul-it. Since all four
companies are helping to sponsor the exhibition, the museum wishes to use all four
companies, allocating each company to just one arrival point.

The table shows the cost, in pounds, of using each company for each task. The museum
wishes to minimise its transportation costs.

Eeducing rows first, use the Hungarian algorithm te determine the allocation that
minimises the total cost. Tou must make your method clear and show the table after each
stage. State yvour final allocation and its cost.

Solution:
322 326 326 328 0446
318 325 324 325 ; 0767
reducing rows
315 31% 317 320 0425
323 322 315 321 4302
0144
’ 465
reducing columns | |
6123
éli-El-Ei-B‘
0033
- : 0 $ 54
Minimum uncovered elementis 1 | |
0012
S0,
noz2z
o , N=43
Mfinimum uncovered element 15 1
nool
6100
Brngat —Depot (326)
Collect4t — Al t (318
GECHAE ~BpotiGID) Clost 1282

Fetchat —Docks (317
Hauldt  —Station (3217
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Solutionbank D2
Edexcel AS and A Level Modular Mathematics
Exercise F, Question 2

Question:
Back | Breast | Butterfly | Crawl
Jack 18 20 19 14
Eyle 19 21 19 14
Liam | 17 20 20 16
Mike | 20 21 20 15

A medley relay swimming teamn consists of four swimmers. The first member of the team
swims one length of backstroke, then the second person swims a length of breaststroke,
then the next a length of butterfly and finally the fourth person a length of crawl. Each
metmber of the team must swim just one length, All the team members could swim any of
the lengths, but some members of the team are faster at one or two particular strokes.

The table shows the time, in seconds, each member of the team took to swim each length
using each type of stroke during the last training session

a Tze the Hungarian algorithm, reducing rows first, to find an allocation that minimises
the total time it takes the team to complete all four lengths,

Pagel of 2

b State the best time in which this team could complete the race.
¢ Show that there 15 more than one way of allocating the
team so that they can achieve thiz best time.

In fact there are four
optitnal solutions to this
probletm

Solution:
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15 201914 4650
19 211214 %reducing 5750
17 20 2016 rows | 1440
20 2120145 56450
3210
reducing | 4 3 1 ﬂ[]
columns E)—E]—G-l‘lﬁr
42 lhiJ
214

3240

hfinimum uncovered element 15 1 i

_.E]_B_E’._'i_.
31609

1000
2100
on12
2000

hfinimum uncovered element 15 1

bande
There are 4 solutions each of duration 71 seconds

T-Br(20) I-C(14) T-Br(20) T-Bu (19
K-Bu (19 E-Bu(19) K-Cr(14) K-Cr (14
L-Ba(17) L-Ba(l7) L-Ba(17) L-Ba(1D
M-C(15 M-Br(21) M—Bu 20 M-Br(21)

© Pearson Education Ltd 2C
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Solutionbank D2
Edexcel AS and A Level Modular Mathematics

Exercise F, Question 3

Question:
Grand Hall | Dining Room | Gallery | Bedroom | Kitchen
AN g 19 11 14 12
Betty 12 17 14 18 20
Charlie 10 22 18 14 19
Donna 9 15 16 15 21
Eve 14 23 20 20 19

Five tour guides worle at Primlkal Mansion They talk to groups of tourists about five
patticularly significant rooms. Each tour guide will be stationed in a particular room
for the day, but may change rooms the next day. The tourists will listen to each tall
kefore mowing onto the next room. Once they hawve listened to all five talks they will
head off to the gift shop.

The table shows the average length of each tour guide’s talk in each room.

A tourist patty arrives at the Mansion

a Tlze the Hungarian algorithm, reducing rows first, to find the quickest time that the
tour could take, Tou should state the optimal allocation and its length and show the
state of the table at each stage.

b Adapt the table and re-apply the Hungarian algorithm, reducing rows first, to find
the longest time that the tour could take. You should state the optimal allocation

and itz duration and show the state of the table at each stage.

Solution:
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2191114 12 N1136 4
1217 14 18 20 ) nsz2si
reducing
102218 14 1% n1z87 &
rows
91516 15 21 067612
1423202019| 08665
0613
foooid
reducing | o
m760%
columns | ! [
01524
had2l
05020
10025
Minimum uncovered element1s1 |06 505
no4z3
03321
=olution

Laf - Eigtchen (12)

Eetty - Gallery {143
Chatlie - Bedroom (14
Donna - Dining roem (13)

Eve - Grand Hall (14) Wlinimun time 69 minutes
h
15412 %11
116 8573
Subtracting all terms from 23 | 131 5 % 4
148 782
90334
110857 30437
o | 8 3620 : ﬂ$éﬁﬂ
reducing reducing | 1 |
120483 40163
rows 126560 columns 4—:6—?4—{)—
90334 19614
20526
B4 6
Minitnum uncowvered element s 1 | 3 [';l 155 1:2
47340
00003

file://C:\Users\Buba\kaz\ouba\d2_2 f 3.h

Page2 of 3

3/11/201.



Heinemann Solutionbank: Decision Mathematics . Page3 of 3

10416
05401
Minimum uncevered element1s 1 [2 004 2
3293
n1004
=olutions
Al —Dining room (19 Al —Dining room (19
Betty — Hall (12) EBetty — Bedroom (15)
Charlie — Gallery {18)  or  Charlie — Gallery (18]
Donna —Eitchen (21) Donna —Eitchen (21}
Eve—Eedroom (20 Eve—Hall (14)

Meazimum time 90 minutes

© Pearson Education Ltd 2C

file://C:\Users\Buba\kaz\ouba\d2_2 f 3.h 3/11/201.



Heinemann Solutionbank: Decision Mathematics . Pagel of 1

Solutionbank D2
Edexcel AS and A Level Modular Mathematics

Exercise F, Question 4

Question:
Award ceremony | Film premiere | Celebrity party
Denzel 245 78 459
Eun-Ling 250 287 467
Frank 224 230 442
Gabhy 231 264 453

A company hires out chauffer-driven, luzury stretch-limousines. They have to provide
cars for three events next Saturday night: an award ceremony, a film premiere and a
celebrity party. The company has four chauffeurs available and the cost, in pounds, of
assigning each of them to each event 15 shown in the table abowve The company wishes
to minimise its total costs.

a Ezplain why it is necessary to add a dummy event,

b Eeducing rews first, use the Hungarian algorithm to determine the allocation that
minimises the total cost. Tou should state the optimal allocation and its cost and
show the state of the table at rach stage.

Solution:

a There are 4 chauffeurs but only 3 tasks.

245 378459 0 21 28 17 [}:J
b 250 387 467 0 |reducing | 26 37 25 [::J
224 250 442 0| columns -G--G-{}-LTJ
231264 45210 T 14 llql
14 2110
. ~_|1930180
Wlinimum uncovered element 157 '
-6--8-0--
S
41100
Wlinimum uncovered element 12 10 ey
00017
07 410
Solution:
D —TParty (459
E-Tummy

: Clost £1040
F —Film (350)

G — Award (231)

© Pearson Education Ltd 2C
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Solutionbank D2
Edexcel AS and A Level Modular Mathematics
Exercise F, Question 5

Question:
Catering | Cleaning | Computer | Copying | Post
Elue o B63 636 628 739
Green 562 796 583 478 £74
Orange o 525 &72 583 756
Red £35 521 &40 538 1o
Yellow £3E 934 Mo 554 o

A large office block iz to be serviced and supplied by five companies Blue supplies,
Green services, Orange office supplies, Eed Co and Yellow Ltd These companies
hawe each applied to take care of catering, cleaning, computer suppliesiservicing,
copying and postal services.

The table shows the daily cost of using each firm, in pounds.

For political reasons the owners of the office block will use all five companies, one for
each of the five tasks.

Some of the companies cannot offer some services and this 1s indicated by "No™.
Tze the Hungarian algorithm, reducing rows first, to allocate the companies to the
services in such a way as to minimise the total cost. You should state the optimal

allocation and itz cost and show the state of the table at each stage.

Solution:
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2000 863 636 628 739 1372235 8 0 111

562 796 533 478 674 | 84 313 105 0 196
reducing

2000 825 672 583 756 1417 242 89 0 173

635 831 650 538 2000] 0 | 97 343 112 01462

628 934 2000 554 2000 134 380 1446 0 1446

£288--6--- 6~ --5--
B ke T e
1333 7 81 § 62
13 108 104 §1351
50 1451433 {1335

reducing

columns

19880070
¢ 22 97 JF 25
Minimum uncovered element is 7 ’riﬁ“ﬁ“ B---74- "B ke
$ 101 97 $1344
43 138 1426 lIfl 1328
1371- fjf"r--ﬂ- 9G--6--
——8———@——14— 'IB“-E“
Minimum uncovered element is 83 1409¢ 74 8'3 55
& 18 14 ql 1261
43 5§]343 D 1245

f—l-?r‘?‘r 6-"6“’9‘6’ S
q] & 14 19 2
Minimum uncovered element 13 & -ié}b-?r-(}--é-ﬂ- 855- 48—
G:J 18 B U: 1255

37 551337 0 1239

12736 0 98 0
o 4 12 19 0
Minitmum vncowvered element 12 2 | 1405 0 68 85 49
0 16 & 01253
37 531335 01227

EBlue — Computer (636)
Green—Post (674)
Cirange — Cleaning (525
Eed—Catering (635
Tellow — Copying (554)
Cost £33224
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Solutionbank D2

Edexcel AS and A Level Modular Mathematics

Exercise F, Question 6

Question:
Cafe | Coffee shop | Restaurant | Snack shop
Ghost train 234 365 580 648
Log flume 274 375 o 293
Roller coaster 743 289 o ]
Teddie's adventure | 299 00 794 Mo

The owners of atheme patk wish to provide a café, coffee shop, restaurant and snack
shop at four sitez: next to the ghost train, log flume, roller coaster and teddie’s
adwenture. They employ a market researcher who estimates the daily profit of each

type of catering at each site.

The market researcher also suggests that some types of catering are not suitable at

sotne of the sites, these are indicated by "To™

Tzing the Hungarian algorithm, determine the allocation that provides the maximum

daily profit.

Thiz question iz a maximising question and one with incomplete data. Tou need to
chose numbers to put at the sites marked "Me® so that they become “unattractive’ to the
algorithm after it has been altered to look for the maximum solution.

Solution:
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934 365 580 648 (166 635 420 352
Subtracting

8743752000 593 |~ 126 625 1000 407

743 289 2000 665 S o057 711 1000 335
from 1

0
B39 500 794 2000 101 500 20& 1000

0462 254 186 :[] 70149 I:DB
reducing | 0499 874 281 reducing .b 100 749 ZICIB
rows | 0454 743 T8 | columns I?:I 55 638 :D

0392 105 599 = :5’:]"8"-6“81:2‘1'

0 15 94 108
b 45714 203
b--6-583 -0~
-S54 --8--876;

Minimum uncovered element 15 55

oo 7e 93
0 30659 188
15 0 383 0
000 e

Minimum wncovered element 15 15

Ghost train — Coffee shop (365)

Log flume — Cafe (874)

Eoller coaster — Snack shop (665)
Teddie’s adventure — Eestaurant (794)
DProfit 2695

© Pearson Education Ltd 2C
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Solutionbank D2
Edexcel AS and A Level Modular Mathematics
Exercise F, Question 7

Question:

1 2 3 4
P 145 | 243 | 247 | 475
Q| 152 [ 238 | 218 | 437
R
)

126 | 207 | 157 | 408
138 | 222 | 238 | 445

Four wotkers P, QQ, E and 5 are to be aszigned to four tasks 1, 2, 3 and 4. Each wotlcer
1z to be aszigned to one task and each task must be assigned to one worleer. The cost,
i pounds, of using each worker for each task 15 given in the table abowve The cost 18 to
ke minimised.

Formulate this as a linear programming problem, defining your variables and making
the objective and constraints clear.

Solution:

Let x; beOor 1
1 if worker i does task
B {U otherwise
where 1 €{F,QLE. 5 and je {1,254}
Minimize O = 143z + 2432, +247 2 +47 57,
+132xy) + 2385y, + 2185, +437 x4
12675, +207 xg, +197 5, +408xg,
H1382x, + 2225, +238x, +445x,
Subject to: ZXP:i =1
2y =
2y =
Zij =
szj =
inl =
Z*’fﬂ i
inz =
D =

© Pearson Education Ltd 2C
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Solutionbank D2
Edexcel AS and A Level Modular Mathematics
Exercise F, Question 8

Question:
AB |C (D
P 1317|1518
Q15|19 |12] 19
Rl1&a|20] 13|22
S| 1415 17| 24

Erunchy Cereals Ltd will send four salesman P, Q, E and 3 to vizit four store
managers at &, B, C and D to take orders for their new products. Each salesman will
visit only one store manager and each store manager will be visited by just one
salesmat. The expected value, in thousands of pounds, of the orders won 15 shown in
the table above. The company wishes to maximise the value of the orders.

Formulate this as a linear programming problem, defining yvour variables and maling
the objective and constraints clear.

Solution:
12171516 117 3 6
151912 1% _ 9-il2s
Subtracting all termms from 24
16 2013 22 84112
1415 17 24 ws 70

Let Xy be Qorl

1 if wortlcer 7 does task f
¥ 0 otherwise
where 1 €{P, 0B, 5} and je {4, B, C. I}

MWhnumise P =11xp, +7apg + %2 +62p
+ %y + Ixgp T1axge +5xgp
+8xp, +dapy + 11 + 2,

H10x, +92p +7 2,
=ubject to: prj =1
quj =1
Zij il
szj =
qu,_ =1
2% =1
inc =l
me =1

© Pearson Education Ltd 2C
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Solutionbank D2
Edexcel AS and A Level Modular Mathematics
Exercise A, Question 1

Question:

Commplete the table of least distances for the networle State the route you uszed for each
of your entries.
Table of least differences

A 7 B
- . A[BR|[C|D]JE
~__ , II Al - [ 7 5
I < 11 i [3 Bl 7]-]353
- SN E 3 - | 8 |12
N ~e D R
D 8 C E| 5 12 4| -
Solution:
A|B[C|[DJE
Al - |7 ]10[9]5
B|7 -3 1112
clw[3[ -8 [12
D[9 |11 8| -] 4
E[s5 [12[12] 4] -

AC—the shortest route 13 ABC length 10
AT —the shortest route 15 AED length 9

ED —the shortest route 13 BCD length 11
BE —the shortest route 13 BAE length 12

© Pearson Education Ltd 2C
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Solutionbank D2

Edexcel AS and A Level Modular Mathematics

Exercise A, Question 2

Question:

Complete the table of least distances for the netwotl State the route you uszed for each

of your entries,

A
®
15 5
E e 2 D 2 B
™
) 5 10
e
C
Solution:
A|B|IC|DIE
Al =512 7]9
E|s5|-| 724
Cl12|T| - |57
D7 2|5 2
E|9 (4| 7|2]|-

AC —the shortest route 13 ABDC length 12
AF — the shortestroute 13 ABDE length 9
B —the shortest route 15 BDC length 7
EE — the shortest route 1z BDE length 4
CE — the shortest route 15 CDE length 7

© Pearson Education Ltd 2C
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A|B |C|D|E
Al - | 5 7
B| 5| - 2
C = |73
D| 7| 25— 2
E 2| =
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Solutionbank D2

Edexcel AS and A Level Modular Mathematics

Exercise A, Question 3

Question:

Complete the table of least distances for the networl. State the route you uzed for each

of your entries,

B
[ 5
P /.'II T e
/// ‘ '
X *\ 7 il
\ 11 \D %
! il -
20 o M2 /-
P~ % |
\ -': ” \~ I-"I
e ‘e
I 8 E
Solution:
AlB|IC|D|E|F
Al — | 1018 12] 1518
Eflo] - 8| =58
Cl(18| 8| - 5] 3|10
D13 3| 5 21 5
Eflz| 5|22 -17
F(18| 8 |10 5| 7| —

AC —the shortest route 1z ABDEC length 18
AF —the shortest route 13 ABDF length 18
B —the shortest route 15 BDEC length &
EE — the shortest route 13 BDE length 5

EF — the shortest route 13 BDF length &

D —the shortest route is CED length 5

iCF —the shottest route iz CEDF length 10
EF —the shortest route is EDF length 7

© Pearson Education Ltd 2C
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Al B| C|D| E
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B| 10| - 3
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Solutionbank D2

Edexcel AS and A Level Modular Mathematics

Exercise A, Question 4

Question:

Commplete the table of least distances for the network, State the route you uszed for each
of your entries.

Solution:

Table of least differences

A

B

C

D

E

F

10

9

10

17

10

3

20

10

20

9

3

19

B

10

20

—
irs

10

17

=)

15

10

20

oal |

10

G| A |35 H |

20

10

A

E

E

F

03

10

10

17

20

20

10

20

11

10

20

9

3

| fra] |

19

8

13

23

10

20

—
W

27

20

10

17

11

8

18

20

10

i)

20

8

10

G| | b | 1 | e

20

20

23

10

18

10

AF —the shortest route is ABF length 20
A0 — the shortest route 15 ATV length 20
EE — the shortest route 12 BCE length 11
CF — the shortest route 1z CBF length 12
i3 —the shortestroute is CBFG length 22
DE — the shortest route 18 DACE length 27
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Solutionbank D2
Edexcel AS and A Level Modular Mathematics

Exercise B, Question 1

Question:
A 24 B
| = N ——T Q
0] 3 > |1 e
b,- e, ‘ - :.1

a Find a minimum spanning tree for the network abowe and hence find an initial
upper bound for the travelling salesman problem.

h Use a shortcut to find a better upper bound

¢ State the route given by vour improved upper bound and state itz length

Solution:
a &« 24 i"} 3 Initial wpper bound = 2x 51
| =102
10 | L
l L H-.-.K
E D

b Use DE as a shortcut
Eoute length =514+ 28="79

c Foute ABC D EA length 79

© Pearson Education Ltd 2C
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Solutionbank D2

Edexcel AS and A Level Modular Mathematics

Exercise B, Question 2

Question:

A |B |C |D |E

Al - [13[11]1%] 14
Bl 13| - [12] 7 |16
cCl1t )12 — | 11| 8
D19 |7 [11] - | 14
E

41161 8 | 4] -

A council employee needs to service five sets of traffic lights located at A, B, C, D
and E. The table shows the distance, in miles between the lights. She will start and

finish at & and wishes to minimise her total travelling distance.

a Find the minitmum spanning tree for the networl,

b Hence find an initial vpper bound for the length of the employee's route,

¢ [Jse shortouts to reduce the upper bound to a value below 65

d State the route given by your improved upper bound and state itz length.

Solution:

[T

b Initial upper bound =237 ="74

¢ Forexample i uze BE as a shottcut A

C
11
RI
or
E

i use AR as a shortout

Other answers also possible e c

d i TangBErouteis A CEBRDCA length 62
ii Teing 4B route is ACECD B A length 58

© Pearson Education Ltd 2C
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Solutionbank D2
Edexcel AS and A Level Modular Mathematics
Exercise B, Question 3

Question:
B 58 C
P = et Al N 1
r M, 2? - i8S / ,
40 /25 e 7 |4 \EH
"/.( zﬁr- ¢ 3 , # './ ;Ih -\--""--.__ \.\l‘\\
."\ .":-_H_ T >( ] _..__.,’b I-}
'\\ 5 e o \\ I|I f____.--"'f..r.-".'
\‘-. SS - ..-"‘u.__ J l‘\\ .-;.'I"' = 3? /'/
30N P N __// 63
M Fd < \'._ .I F

a Find a minimum spanning tree for the network abowe and hence find an initial
upper bound for the travelling salesman problem.

h Use shortouts to reduce the upper bound to below 240,

¢ State the route given by your improved upper bound and state itz length

Solution:
a E Initial upper bound = 2x 142
By =284
27 25 30
® e ® A
I B I 4
.
D

b Idany possibilities: for example
DE or EC or DF and EC

¢ DE give: ACAFEBEEDA length 231
ECgives AT AFBEC A length 217
DF and EC gives A CEDF D & length 190

© Pearson Education Ltd 2C

file://C:\Users\Buba\kaz\ouba\d2_3 b 3.t 3/11/201:



Heinemann Solutionbank: Decision Mathematics :

Solutionbank D2

Edexcel AS and A Level Modular Mathematics

Exercise B, Question 4

Question:
5 V| W X |Y Zz
b — |75 30 | 55| FO | 70
V|75 - 55 | 30| 40 15
W 30|55 - 65 | 45 | 55
X |55 |30)] &5 - 15 10
Y | 70 |40] 45 | 13 - 20
Z 70|15 55 | 10 20 -

The table shows the time, in minutes, taken to travel between a surgery = and five
farms WV, W, X, T and £ A wet needs to wisit animals at each of the farms and wishes
to minimise the total travel time He will start and finish at the surgery, 5.

a Find a minimum spanning tree for the networlk above and hence find an initial
upper bound for the travelling salesman problem.
b Wse shortouts to reduce the upper bound to below 200,

¢ State the route given by vour improved upper bound and state its length.

Solution:

Tnitial upper bound 2x115=230

b Forezample arc V3

c Foute 3W Y 2V X 3 length 190

© Pearson Education Ltd 2C

file://C:\Users\Buba\kaz\ouba\d2_3 b 4.t

Pagel of 1

3/11/201.



Heinemann Solutionbank: Decision Mathematics . Pagel of 1

Solutionbank D2
Edexcel AS and A Level Modular Mathematics
Exercise C, Question 1

Question:
2 =
\ AN
\ '“““-\J fy o - F.-" "'
% - - |
/ " - !
11\ > /13 =
8/ \ o N
/ 10X e\
i St / ~— 1
! - e 1
T e LY
[ & = —8 (
- y 5 -
b, ""'.\ r.'" - .
12 A s g
e
D

a By deleting vertex &, find a lower bound to the travelling zalesman problem for the
netwotl abowe.
b Comment on your answer,

Solution:
a ff_"" B Weight of residual minimum
S '#F\'\\ spanning tree = 26
X ] - 4 Nt Two shortest arcs from &,
8.7 310 \ AE and AD
T % Lower bound = 26 +8+11
I_-"’ ; NG =45
.—"'J- g ’;J
-

b Thiz 1z a route, so it 12 optimal

© Pearson Education Ltd 2C
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Solutionbank D2
Edexcel AS and A Level Modular Mathematics
Exercise C, Question 2

Question:
A|B|C|D|E
A - [ 13 11| 18| 14
B =20 - (12 7 | 16
C 1M1z - 111 &8
D 127 (11 - | 14
E 4 (16| 8 | 14| -

& council employee needs to service five sets of traffic lights located at A, B, C, D
and E The table shows the distance, in miles between the lights She will start and
finizh at & and wishes to minimize her total travelling distance.

a By deleting vertices & then B find two lower bounds for the employee's route.

b Select the better lower bound, giving a reason for vour answer,

Solution:
a Deleting A B 7 D 11 C 8 E
]3~“,‘ <11
-
A

Weight of residual minimum spanning tree = 26
Tweo shottest arce are AD and AR

Lower bound = 26411413

=50
Deleting B D 11 C 8 E
Weight of residual minimum spanning, tree =30 T P | N
Two shortest arcs are BD and BC ‘,-' ]-; 1
Lower bound = 30+ 7412 P -

=40 B A

b The better lower bound 15 50 since it 15 higher.
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Question:

a By deleting wertices A then B, find two lower bounds for the travelling salesman
problem.

b 3Select the better lower bound, giving areason for your answer,

¢ Use mequalities, your answer to b and the better upper bound found in Exercise 3B
Question 3, to write down the smallest interval containing the optimal route

Solution:

a Deleting A E

Weight of residual minimum
spanning tree =124

Two shortest arcs are AC and AF

Lower bound =124 + 26+ 30 =180

a Deleiing B
Weight of residual minimum spanming tree =125
Two least arcs BF and BE

Pagel of 1

lower bound =125+ 25+ 27
=177

b The better lower bound 13 180 because it 15 higher

¢ 180 < optimal value =120 {or vour answer to Exercise 3B question 3¢)

© Pearson Education Ltd 2C

file://C:\Users\Buba\kaz\ouba\d2_3 c_3.f

3/11/201:



Heinemann Solutionbank: Decision Mathematics :

Solutionbank D2

Edexcel AS and A Level Modular Mathematics

Exercise C, Question 4

Question:

S | VIW| X | Y| E
S| — |79 30| 55| 70| 70
V|72 - |55 30| 40| 15
W 30 |55 - | &65) 45| 55
X | 9a (3063 — | 15| 10
Y |70 (4045 15| — | 20
EZl70 11555 10| 20| -

The table shows the time, in minutes, taken to travel between a surgery = and five
farms WV, W, 3, Y and £ A wet needs to wistt animals at each of the farms and wishes

to minimise the total travel time. He will start and finish at the surgery, =

a By deleting vertices 3 then V, find two lower bounds for the vet's route.
b Select the better lower bound, giving areason for your answer.

¢ Tse inequalities, your answer to b and the better upper bound found in Exercize 3B
Cuestion 4, to write down the smallest interval containing the optimal route.

Solution:

a Delefing 5

Two least arcs W and 53

Lower bound = 854304 55

Deleting 7

Voyis Z 9 X 15 Y 45 W
55" 30
o
S
Wetght of residual minimum spanning tree =35
=170 . ) . .
S 30 W 45 Y 5 X I Z

Weight of residual minimum spanning tree =100

Two least arcs V2 and VI

Lower bound = 100415430

b The better lower bound 12 170 because it 15 higher

¢ 170= optimal value =120 {or vour answer to Exercise 3B questiondc)

=145
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Question:

iThiz 15 the same problem as described in Exercise 3C Question &)

A |B|C |D |E

Al- 12011 [ 1% [ 14
B|13 |- |12 |7 16
1112 - 11 | &
D13 [7 |11 |- 14
E

14 |16 | 8 14 | -

& council employee needs to service five sets of traffic lights located at A, B, C, D

and E. The table shows the distance, in miles between the lights. She wishes to
tinimise her total travelling distance

a Starting at D, find a nearest neighbour route to give an upper bound for the council
employee's route.

b Show that there are two nearest neighbour routes starting from E.
¢ Select the walue that should be given as the upper bound, give a reason for wour
ANEWEL.

Solution:
a D,B,CE,4&,D=¢80
b E,C 4B, D,E=53
or
E.C,)D,Bya,E=53
¢ The better upper bound 15 53 since this is lower.
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Question:

iThiz is the same problem as described in Exercize 3C Question 4)

5 |V W [X |¥Y |Z

5 |- |75]30 55 |70 |70
¥V |75 |- [55 30 |40 [ 15
W50 [ 55— 65 |45 |55
X |55 | 3065 . 15 | 10
Y [ 70 [ 40 [ 45 15 |- |20
Z |70 | 1555 mn |20 |-

The table shows the time, in minutes, taken to travel between a surgery 5 and five
farms WV, W, ¥, Y and £ & wet needs to vist amimals at each of the farms and wishes
to mimmaise the total travel time.

a Starting at Z, find a nearest neighbour route.

b Find two further nearest neighbour routes starting at 30 then V'

¢ Select the walue that should be given as the upper bound, give a reason for wour
ANSWEL,

Solution:

a X Ve Wbt =150

b Vg Ty W= 30 =195
Vs Zyp 3y TasWapdV =150

¢ The better upper bound 15 120 because 1t 15 lower

© Pearson Education Ltd 2C
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Exercise D, Question 3

Question:

R | 8 T U ¥ | W

R| - | 150 210 | 150 | 120 | 240
S| 150 = | 210 | 120 | 210 | 240
T 210210 - 1200 | 150 | 180
T | 150 120 | 120 - | 180 | 270
Y| 120 210 150 | 180 | - | 300
W 240 240 180 | 270 | 300 | -

A printing company prints six magazines B, S, T, T, WV and W, each week The
printing equipment needs to be set up differently for each magarzine and the table
shows the time, in minutes, needed to set up the equipment from one magazine to
another. The printer must print magazine B at the start of the first day each week so
the equipment 15 already set up to print magazine E, and must be left set up for
magazine E atthe end of the weel. The other magazines can be printed in any order.

a Ifthe magazines were printed in the order ESTUTVWE, how long would it take in
total to set up the equipment?

b Show that there are two nearest neighbour routes starting from T

¢ Show that there are three nearest neighbour routes starting from W

d Select the walue that should be given as the upper bound, give a reason for your
ANSWEL.

Solution:

a R EDSEIDTIEDUBDvEDDWmDR = 1200 minutes

b Uy B Visg Tis Wy U = 9590
atd
U Tiso Vi B 15040 Wi U = 1050

€ ViR 15051300 120 Tyan Wage ¥ = 330
and
WizoF 150 120210 Tag Wi V1 = 1080
and
ViaoF. 150V 120 110 Wagg#oane V' = 1020
d The better upper bound 15 990 because 1t 15 lower.
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Question:

"""\-\-.__ | --F__H___."
C 450

a ze an efficient algorithm to find a minimum connector for the network above

Tou must make your method clear
h Hence find an initial upper bound for the travelling salesman problem.
¢ Jze the method of short cuts to find an upper bound below 6100,

Solution:

a Either Eruskal: EF, DE, CD, BD, AC, EG or Prim (e g ): AC, CD, DE, EF, BD,
EG

gs3 G

&
-

A 733 € 450 D 49

» &
-

620 419

—e——& [T

me

b 2x3302="T004
¢ Forexzample use AB and DG
Foute ACDEFEGDE A length 6005

© Pearson Education Ltd 2C
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Question:
B e T ey i
& e 7 . 9%
Y e \
b 4
/ 23 _ Y
II.'- 4 '-.I
E ,\xh ? III
II ‘H‘M,\ \ - . [-
| H\H 5 L - II
I'.I K‘\H\‘ e - ,-'I
I".\ a___'___.-"-f- i lﬂ I.:_..-.
2 //
\ y
ha -
e -

13
The network abowe shows a number of hostels in a national park and the possible
paths joining them. The numbers on the edges give the lengths, in km, of the paths.

a Draw a complete network showing the shortest distances between the hostels. (Tou
may do this by inspection. The application of an algorithm is not required.)

b Tse the nearest neighbour algorithm on the complete network to obtain an upper

kound to the length of a tour in this networl which startz and finishes at A and
visits each hostel exactly once,

¢ Interpret yvour result in part b in terms of the original networl:

Solution:
a
AlB|C|DI|E
Al =7 (131 4| 3
E — |17 7|10
Cl13]17] — | 10] 13
D 7010 3
E|=2]10]13| 5| -

b AEDB,Coh=45
c AEDEDCA (BT is not on the original network)

© Pearson Education Ltd 2C
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Question:

{This 15 the network given in example 2)

il 5 J \,
F ¢q——— :l = ®C
14 15 /;"
S
. -~
E 13 D

The table of least distances below was formed from the networle, M, above.

S|A|B | C D E|F
S -1 8 7] 2 4 [ 18] 5
Al 8| -1 2|7 1% [ 17 ] 3
B| 7| 2] -5 17 [ 18] 5
cl 21715 - 12 [ 21 7
D| 14 15| 17| 12 - 13| 19
E| 13 1711221 ] 13 - | 14
F| 5|31 5|7 1% [ 14 ] -

The table shows the distances, in km, between the central sorting office at 5 and six
postoffices A, B, C, D, Eand F.

A postal worker will leawe the sorting office, go to each post office to collect mail and
return to the sorting office. He wishes to minimize his route.

a Usze Prim's algorithm, starting at S, to obtain two minimum spanning trees. State the
order in which vou select the arcs.

b Hence find an initial upper bound for the postal worleer's route,

¢ Starting from this upper bound, uze shortouts to reduce the upper bound to a value
below 60 kem. Tou must state the shortcuts you use,

d Starting at C, and then at T, find two nearest neighbour routes stating their lengths.

e 3elect the better upper bound from wour answers to ¢ and d, give a reason for your
ANEVWEL.

f Interpret your answer to e in terms of the original network, M, of roads
g TTaing the table of least distances, and by deleting C, find a lower bound for the
postal worker's route.

Solution:
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a »CSFFAAE CD DE—tree 1

B s # g F . 8 , € ., D
- = - ..J. - — - — - — -
atid

SCCBEBBA AF CDDE~tree 2

E D C 5 B A
.

%

S
o ]

| O

Led

b "Weight of each tree 1z 37
S0 initial upper bound 15 2x37 =74

¢ Fromtree 1
Tze BE as a shortcut
(FEoute s SCDEERBAF 5] length 56
From tree 2
TTze EF az a shortcut
(Foute1iz SCBAFED C 3) length 53

d C,5.EAB,D.E,C=63
D,C5.FABLELD =56

e The better upper bound iz 53 since it iz smaller
f Theroute s SCBAFEDCS

g E 13 D 14 5 5

9 -

® >

3]

' Yo

-

b

Weight of residual minimum spanning tree = 37

Two least arcs from © are CF and CB

Lower bound =374+ 245
=44
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Question:

a Explain the difference between the classical and practical travelling
salesman problem.

P |10 |R |8 |T (U |V

P|- 19 30 |45 |38 | 33 | 29
Q1% |- 28 |27 |50 | 23 | 55
R|[30 |28 |- |51 [2% | 4% |30
5|45 |27 51 | = |77 |21 |71
T |35 |50 29 |77 |- | 6% |37
T[33 |23 4% |21 |69 |- |56
V[ 29 |55 S0 |71 [ 37 |56 | -

The table shows the travel time, in minutes, between seventown halls P, Q R, 3, T, T
and V. Kim worlks at P and must visit each of the other town halls to deliver leaflets.
=he wishes to minimise her route.

b Find a minimum connector for the netweorle. Tou must make your method clear by
listing the arcs in order of selection

¢ Uze the minimum connector and shortouts to find an upper bound below 2200 You
must list the shortouts you use and your final route.

d Starting at P, find a nearest neighbour route and state its length.

Find a lower bound for the length of the route by deleting P.

f Looking at your answers to ¢, d and e, use inequalities to write down the smallest
interval containing the optimal selution

2]

Solution:
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a In the classical problem each vertex must be wisited exactly once before returning

to the start.
In the practical problem each vertex must be visited af least once before returning
to the start.
-
: 2R &£ T
Y a9 P 49 Q.

TE
Crder of arcs: PO, QU TS, QF, {W}

¢ Tee VT and QF as shortcuts giving a length of 213
Foue PQUEQRETVE)

d PIS'QHUEISleEDTE?vI'P =209

e

Weight of residual minimum spanning tree = 140

Two least arcs PO and PV
Lower bound = 1384+19 429

=186
f 186 <= optimal value = 209

© Pearson Education Ltd 2C
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Exercise E, Question 5

Question:

A B C | D E F | G

Al = 103 | 89 [ 42 | 54 | 143] 153
B |03 - 60 | 98 | 36 | B8R | 58
| 8% | &0 - | 65| 3B | 58 | W7
D42 | 88 | &5 — | 45 | 111] 138
E| 34| 56 | 358 | 45 - 85 | 100
F 145 95 [ 58 [ 111] 95 = S
G153 55 [ 77139100 | 75—

A computer supplier has outlets in seven cities A, B, C, D, E, F and G The table
shows the distances, in km, between each of these seven cities. John lives in city &
and has to wisit each of these cities to adwise on displays. He wishes to plan a route
starting and finishing at &, wisiting each city and covering a minimum distance.

a

Chtain a minimum spanning tree for thizs network explaining briefly how you
applied the algorithm that you used. (Start with A and state the order in which you
selected the arcs used in your tree)

Hence determine an initial upper bound for the length of the route travelled by
Toht,

Ezxplain why the upper bound found in this way iz unlikely to give the minimum
route length,

Starting from your initial upper bound and using an appropriate method, find an
upper bound for the length of the route which iz less than 430 km.

By deleting city A, determine a lower bound for the length of Tohn's route.

Explain under what circumstances a lower bound obtained by this method might be
an optimum solution.

Solution:
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@ 3 v = ; £
JS &
59
*
B G

order of arcs; AT, DE, EC, EE, CF, B

b TInitial upper bound = 2% 298
=596

¢ The minimum connector has been doubled and each arc in it repeated

d Tse AF and GF as shortcuts - length 427
froute iz ADEB GFCE A)

G 59 B s E 33 € s

D

Weight of rezsidual minimum spanning tree = 256
Twro least arce from A are AD (42) and AE (54)
Lower bound = 256 + 42 + 54 = 352 lom

L R

f The lower bound will give the optimal solution if it is a tour,
Ifthe minimum spanning tree has no “branches” —so the two end vertices have
valency 1, and all other wertices hawve valency 2, then if the two least arcs are
incident an the 2 vertices of wvalency 1 an optimal solution cannot be found

© Pearson Education Ltd 2C
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Exercise E, Question 6

Question:

L C 0 B N E
London (L) — | 80| 456 | 120 | 131 | 200
Camhridge (C) g0 | — | 100 %8 a7 250
Oxdford (O) 96 | 100 - 68 105 | 154
Birmingham (B) | 120 | 98 | 68 - 54 161
Nottingham () | 131 | 87 | 103 | 24 - 209
Exeter (E) 200 250 154 | 161 | 20% -

A zales representative, Sheila, has to wiszit clients in six cities, London, Cambridge,
Crford, Birmingham, Mottingham and Exeter. The table shows the distances, in miles,
hetween these siz cities Sheila lives in London and plans a route starting and finishing
in London. She wishes to wisit each city and drive the minimum distance.

a Starting from London, use Prim's algorithm to obtain a minimum spanning tree.
show vour working, State the order in which wou selected the arcs and draw the

tree.

b i Hence determine an initial upper bound for the length of the route planned by

Sheila.

ii Starting from vour initial upper bound and using shortouts, obtain a route which
1z less than 660 miles.
¢ By deleting Exeter from the table determine a lower bound for the length of Sheila's

route.

Solution:
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aC g L s O 6 B 54 N
154
2

order of selection: L, OB, BH, LiZ, CE

b 1 Initial upper bound = 2x 412
=824 miles

ii TTee NC as a chortcut—length is 6372
(Foute s LOEOQ BN CL)

™
il

80 L s O e B

L
=9
L R

154", 161

Weight of residual minimum spanning tree = 253

Two least arcs are EO and EB

Lower bound = 2584+154+161
=573
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Question:

Formulate the following problem as a linear programming problem. You must define
vour variables, state your objective and write your constraints as equations.

A company makes three types of metal box, round, square and rectangular. Each box
has to pass through two machines to be cut and fortmed. The round, square and
rectangular boxes need 4, 2 and 3 minutes respectively on the cutter and 2, 5 and 3 on
the former. Both machines are available for & hours per day.

The profit, in pence, made on each round, square and rectangular box 1z 12, 10 and 11
respectively. The company wishes to maximise its profit

Solution:

Let x. x, and x; be the number of round, square and rectangular bozes respectively.
Masmimize P=12x +10x,+11x;

Subject to:

dx +ix, +3x +r =360

2% +3x, + 3% +5 =360

X, Ky, By, i,E = 0

© Pearson Education Ltd 2C
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Question:

Formulate the following probletn as a linear programming problem. You must define
vour variables, state vour objective and write vour constraints as equations.

A company makes four different types of backpack, A, B, C and D Each type & uses
2.5 units of material, needs 10 minutes of cutting time and 5 minutes of stitching time.
These figures, together with those for types B, C and D are shown in the table

A|B|C|D
Material in units 251 = 2 4
Cutting time in minutes mij12| 8 |15
Stitching time in minutes 5 i 4 9

There are 1400 units of material available each weel, 130 hours per week available on
the cutting machine and 50 hours available on the stitching machine,

Warleet research says that they will sell at most 300 backpacks each weel:

The profit, in pounds, 18 B, 7, & and 9 for types A, B, C and D respectively. The
company wishes to maximise its profit.

Solution:

Let x,.xp, x; and z=p, be the number of type A, B, C and D backpacks made
Mazimise P=bx, +7x +6x; +9x;
Subject to:

2.5x, +3xp + 25+, +7 =1400

10x, +12x +8x, + 152, +5 = 3000
Sxy T +Ar, + 50 +2 =400

XaaXp, XL g, et 20
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Exercise A, Question 3

Question:

Formulate the following problem as a linear programming problem. You must define
vour variables, state vour objective and write vour constraints as equations.

The annual subscription to a bowls club iz £40 for adults £10 for children and £20 for
SENIOTS.

The total number of members 15 restricted to 100,

At most half the club must be children and at least a third must be adults.

The club wishes to mazimise its incotme.

Solution:

Let x,,x; and x be the number of adults, cluldren and senior members
Mazimise P=40x, +10x, +20x,

Subject to:
Xyt xR +x +r =100

—E, tx —xts= 0 1
e ik R s L
—2r,tx tx+i= 10 2
XL X roet=l 1 1 1
PRl ER R —xp S XpFox
2 e 2

1
Ay 2§[XA+XC +x5)
3x, 2x, xR
2%, 2 xotx

Iptx,—2x, =0
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Question:

Formulate the following problem as a linear programming problem You must define
your variables, state your objective and write your constraints as equations.

Wilrs Brown was rather alartmed to discover from her children at bedtime that (a weel
ago) they had promised she would malke at least 100 small calkes for a cake zale at
school the next day. Mot wishing to let her children down, she puts the owen on and
checks her cupboards and finds she has 3 kg of flour, 2 kg of butter and 1.5 kg of
sugar, as well as other ingredients. Mrs Brown finds three cake recipes for rock cakes,
fairy cakes and muffing. The recipe for rock cakes uses 220 g of flour, 100 g butter
and 50 g sugar and makes 8 cakes. The recipe for fairy cakes uses 100 g each of flour,
kutter and sugar and makes 18 cakes. The recipe for muffine uzes 250 g of flour, 50 g
butter and 75 g sugar and makes 12 muffine. Each bateh of rock cakes, fairy cakes and
muffins take 10 minutes, 20 minutes and 15 minutes respectively to prepare.

Mrs Brown wishes to minimise her preparation time.

Solution:

Let =, x and xp bethe number of batches of rock cakes, fairy cakes and muffin
made.

Minimise T=10x +20x +15x,

Subject to:

220 +100x +250x, +» = 3000

100x +100x +50x, +5 = 2000
S0x 4100 +75x, +£ =1500
Bx +18x +12x, —u =100

XXX e ekn 20
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Question:

Formulate the following problem as a inear programming problem. You must define
vour variables, state your objective and write your constraints as equations.

Eoma iz mowing house. She needs to pack all her extensive collection of china into
special cardboard boxes which will be zold to her by the removwal company. There are
three sizes of box, small, medium and large The small boxes have a capacity of

0.1 m® and will held a maximum of 3 kg The medium boxes have a capacity of 0.3 m°®
and will hold a mazimum weight of 8 kg, The large boxes have a capacity of 0.7 m?
and will hold a maximum weight of 158 kg An expert from the removal company
informs her that she allew for at least 28 m? packing capacity and for at last 600 kg,

Eoma decides that at least half of the boxes she uses should be small and that she
should use at least twice as many medium as large.

=he will be able to fill the boxes she buys and the cost of each small, medium and
large biox 15 30p, S0p and B0p,

Foma wishes to minimise the cost of the boxes she buys.

Solution:

Let x,.x, and x bethe number of small, medivm and large boxes.
Minimise C=103x,+05x, +0.8x

subject to:
% +3x, +7xn—r =280

1
3x, +8x, +18x— s :600.// 2 (atnn)
—xtx, txti =0 Iz

s =X T
—xy, +2x+u =0 X, tm-x =0
b s I oAl e PR \
=
2n—xn, =0
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Question:

=olve thiz linear programming problem using the simplex tableau algorithm.

Mazimizse P=5x+6y+4dz

subject to
x+2y+r =6
Sx4+3y+3z4s=24
xyzre 20
Solution:

bv. | x | » | =2 |#|&|wvalue | & values
r 1 [ ()] o [1]0 & 3%
g 5 33 (0] 24 g
F|l-=5|-6]-4]|0]0 0
T
bv | x |»y]| =z # | 5| value | Bow operations
¥ 1110 1 |0 3 Ri1+2
5 5
s | 7|0 @ -3 11| 15 E2-3R1
2 2
F|-2|0|-4] 3 |0] 18 E3+6R1
bw | x |¥w|z]| »r | & |wvalue | BEow operations
¥ 1T ({1101 0 3 E1 (no change)
2 2
z [FO]1f-1]1 5 E2+3
& 2|3
Fleg|ojo]l 1 4] 38 E3+4E2
3 3

F=38 =0 y=3 z=5 r=0 =0
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Edexcel AS and A Level Modular Mathematics

Exercise B, Question 2

Question:

wolve this linear programming problem using the simplex tableau algorithim.

Maximise F=3x+4y+10z
subject to
x+2y+2z+r =100

x+dz+s =40
rovzre2l

Solution:
kv | x | » z | r|e&|value | & values
F 1 2 2 1|0 100 a0
s 1 0 [ (4)[0]1] 40 10*
Fl-3]4]-10|0]0 0
kv | x | ¥ |z|r]| & |value | Eow operations
F 1 2 |0|1] -1] &0 E1-2E2
2 Fi
z 1 o ]11y0] 1 10 R2+4
4 4
Fl-1|-4(0]0] 3 100 E3+10E2
2 2
bv | x |¥|z]| r | & [walue | Eow operations
¥ T)1]0]1-1] 40 El+2
4 2|4
z Tf(of1fo]1 10 | B2 (oo change)
4 4
Follyofo)p 2| s 260 E3+4E1
2 2
F=260 x=0 y=40 =z=10 r=0 z=0
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Solutionbank D2

Edexcel AS and A Level Modular Mathematics

Exercise B, Question 3

Question:

solve thiz linear programming problem using the simplex tableau algorithm.

Mazimise F=2x4+2v+22

subject to
Ax+dy+oz+r=10

x+3y+10z+5 =3
x—2y+i =1
xyzret =0

Solution:
bw | x| » | 2 |r|e&]|f|wvalue & walues
r ki 4 1 5|1 of 10 2.0
g 1 @ 10 1({0 .l IE*
3
£ 1 | -2 00|01 1 negative pivot
F|l-5|-5|-2]0]0 0
bw | x |¥| = & | ¢ | value | Eow operations
A 0 —_25 1 j 0 E E1-4E2
3 ki
yop1i 11w 01 o) 35 Ez+z
3 3 3 3
T 150 20 (0 2 |1 13 E3+2E2
2 3 3 3
P40 44 1005 (0] 25 E4+5E2
3 3 3 ]
b x ¥ z r & i value | Fow operations
x 1 0 -5 3 —4 0 8 !
= 2 i it
3 3 3
¥ 0 1 3 il 3 0 1 RE—lRl
) 5 3
4 0 0 15 -1 2 1 1 R3—§R1
F 0 0 8 4 3 0 11 R4+iR1
5 5 3
P=11 z=2 y=1 z=0 r=0 z=0 =1
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Edexcel AS and A Level Modular Mathematics

Exercise B, Question 4

Question:

solve thiz linear programming problem using the simplex tableau algorithm.
Mamimise FP=2x4+6y4322

subject to
x+év+2dz4+r =672

x+y+2dz4s =356
x+3y+16z4: =168
2x4+3y+32z4n =352

xy.zr s bzl

Solution:
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bw | x ¥ Fle |t || value | & values
r 1 & | 24 | 1|0(0|0] &72 28
5 3 1 24 |01 |ofo] 336 14
i 1 3 ofo]1|0| 168
@ 10%*
5 2 30 32 |00 1] 332 11
Fl-3|-6|=-32|0/0[0]0 0
bw | x ¥y |z g| ¢ |u|value | row operation
Pl -1 3 |0 o =3 | 0] 420 E1-24E3
2 2 e
g -7 |0 1) -3 |0 =4 E2-24E3
2 2
z 1 I 1fofo] 1 |0 21 E3+16
16 | 16 16 2
& o | =3|0jof0of-=21]1] 1& E4-32E3
Fl-1| 0o jojof0o] 2 |0] 33 Eo+32E3
bv x| ¥ |z s ¢ | x| value | Bow operations
ro |0 1 (0 1 | =210 948 R1+1R2
3 3 2
x (1] 7|0 2 =1 0] 36 R2+E
3 3 2
z |0 1 -1]1 of 7 R3—iR2
24 | 8 16
w |0 -3 |0 0| -211] 16 | E4(MNe change)
F|lol =70 2 1 |0 292 ES+R2
] 3
bv |x|y]| =z s £ 1 | value | row operations
P00l -1 E ﬁ o 441 R1—1R3
8 8 3
x 1|0 7 3 -1 10] 105 ED +ER3
B 5 2
y |01 3 = 310 21 R3+l
8 8 2
g (0|0 2 =3 7|1 78 E4+3E3
8 a
FPojolo| 7 3 15 (0] 441 R5+1R3
8 5 3

F=441 z=105 y=21 z=0 r=441 =0 (=0 x =73
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Solutionbank D2
Edexcel AS and A Level Modular Mathematics
Exercise B, Question 5

Question:

solve thiz linear programming problem using the simplex tableau algorithm.

Meamimize F=4x+53x, +2x;, +35,
=ubject to
n+dx + 53 45, +r =95
2 tr, +E2x+3x, +5 =67
ntEx, tEx+2x, +1 =775
3m tExy a2, tu =772

b oW S SO - PR R

Solution:
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bow | x| omy | ®Z | x5, | r| 8| f | u | value | & values
r 1 41 2 1 (1j0oj0ojo| 95 95
g 2 1 & a|oflfojo] &7 635
¢ 1 32| 2 2 |ofof 1o 75 7o
u [(3)] 2 1 2 |ofjofoj1] 72 24
Fl4|-3|-2|-3|0jojojo|l 0
bv | x| x| x x | r|s|i| u |value | Row operation
r || & 1 |1 of-11 71 E1-E4
3 3 3 3
g 0 -1/ f of1)0 = 19 E2-2E4
3 3 3 2
¢ o7 3 4 ool -1] 51 E3-ER4
3 3 3 i
| 1] 2 1 2 10j0)0(1 24 E4+3
3 3 3 3
Flo|l-1|-=2|-1|0|0(0f 4 26 E5+4E4
3 i
bw | x| & | x| & |7 & | £] u |value | Eow operation
r 0 @ o -3 -2 | 0] 1 33 R]_ng
w0 [T [0]2 0|2 7| 2.t
4 4 4 & 4 2
AR E B
4 4 4 2 4 2
x| 1301 (o)1 001 7 R4—1R2
4 4 4 2 3
PO [ 1[0 1[0 [ 20| gouln
2 2 2 2
[ - A - A I S F g | ¢| u |walue | Eow operation
o010 —_3 l —_1 0 l E E1+4
4 < 2 < 4
s O[O T[T L5022 | morin
16 16 n 16 16 4
CO OO 2 [T 113 B gy
16 16 8 16 16 4
m |00 B3 [L1]0] 529 pa gy
16 | 16 a 16 16 <
PO 2 2 (L [0 2 B0 | morim
8 5 4 3 ] 2
8 16 4 16 16
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Solutionbank D2
Edexcel AS and A Level Modular Mathematics

Exercise B, Question 6

Question:

For each ofthe abowe questions 1 to 5:

a werify, using the original equations, that your solution is feasible,

b write down the final set of equations given by your optimal tableau,

¢ use the profit equation, written in part b, to explain why your solution is optimal.

Solution:
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For QF
g F=5x+6y+42 P=5+6(3+4(5) =38
x+iy+r =156 O+2(54+0=46
Sx4+3y+324+5=24 SO +ED+3(3+0 =24

P+12x+r+%s =34
1 1
—xit+y+—r =3
2 2

1
—x+z—=r+=-5=3
2 3

)
c FP=38-12x-r —%s 50 increasing x, » or & would decrease P,

Far (2

a  P=3x+4y+10z = 3(0)+4(10)+10(10) = 260
X+2y+2z+7 =100 = 0+ 2(40)+2(10)+0 =100
x+dz+5=40 = 0+4(10) + 0 =40

] P+lx+2r+és=260
2 2
lx+_)?+l.?"—ls = 40

4 2 4
lx+z+ls =10
4 4

1

c F=260—-—x- Zr—gs, go increasing x, 7, of & would decrease P
For (3

a P=3x+5y+2z =32 +5(1)+200)=11
3x+dy+5z+r=10 = 3(2) +4(1)+5(0) +0 =10
x43y+10z+5=5 = 243(1)+10(0)+0 =5
x-2y+t=1 =2-2()+1=1

4 3
b —rt+lg=
P+Bz+5r+55 11
x—5z+§r—ﬂs =2
> 2

y+5z—%r+§5=l

loz—r+ 25+ =1

c FP=11-8=z —-%r - %s, go increasing z, r or & would decrease P,

Far (4
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a F=3x46y+32z = 3105 4+6(21)+ 22(0) = 441
x+6y+24z +r =672 = 105+ 6(21) + 24(01 +441=672
x4+ y+24z+5=336 = 3(105)+21+24(0)+0 =336
x+3y+16z+:=168 = 105+ 32D +16(0)+0=168

2x+3y+32z+u =352 = 2(109+ 321+ 32(H+79= 352
b P+TZ+ES+%E =441

—z+r+§s—£ﬁ =441
8 a
A
x+7z+-5—-=¢ =105
g 8
1 3
+3z——s+=f =121
& 2 2
92—53—1£+u =79
8B

c FP= 44]—?2—53—23 . 80 increasing £, & or £ would decrease F.

For 05

3 P=dx+3x,+2%+3%, = 4[%}3[%}2[@}3(0) Bl
16 4 16 8

ntdxn+ig+x+r=59 = %+4(1—3]+3(%J+(0]+0= 95

208 33 261
2x1+x3+2x3+3x4+5“~=6?=>2[d—~]+[—J+2['—~]+3(0}+0=6?
16 4 16
o +3x, 4+ 2x +2x, +E=775 :‘>£+3 % +2 E +2(U)+E=?5
16 4 16 16
Imtintn+in tu="72 iB(@]+2(§]+[@J+2(D}+U=?2
16 4 16
b 1 1 1 9 ard
Pr-mn+-—r+—s+-u=—"
8 4 8 a
3 1 1 1 33
- iy For——gt-—u ==
17 1 3 af 261
Lt—Xi+—rt=—=— =—
16 16 8 1& 16
| 11 1 41 73
— Xy —t+—-sti-——u =—
16 16 &8 48 16
13 3 1 ] 209
Ht—X ——r+—+—u =—
16 16 8 16 16
C P=@—lx4 —lr—ls——u . 30 increasing, x,, 7 & or 4 would decrease F.

B8 8 4
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Solutionbank D2
Edexcel AS and A Level Modular Mathematics

Exercise C, Question 1

Question:

In a particular factory 3 types of product, &, B and C, are made. The number of each
of the products made 15 x, ¥ and z respectively and F is the profit in pounds. There are
two machines invelved in making the products which have only a limited time
available. These time limitations produce tweo constraints,

In the process of using the sitnplex algorithm the following tableau iz obtained, where
rand ¢ are slack variables,

Basic variahle x ¥ I s 5 | Value
z 1 0 1 -5 1 73
2
¥ o 1 0 17 0 56
11 11
F 3 0 0 2 0 840

a 3ive one reason why this tableau can be seen to be optimal (final).

b By writing out the profit equation, or otherwise, explain why a further increase in
profit is not possible under theze constraints,

¢ From this tableau deduce
i the maximum profit,
ii the optimum number of type 4, B and O that should be produced to maximise

the profit.

Solution:

a There are no negative numbers in the profit row.

b P+Ex+zr=840
2 4
2o P=84U—Ex—gr
2 4
Increasing x or » would decrease F.
¢ i Mazimum profit = £2340
i Optimum number of A =0, B=56 and C=75
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Solutionbank D2
Edexcel AS and A Level Modular Mathematics

Exercise C, Question 2

Question:

A eweet manufacturer produces packets of orange and lemon flavoured sweets,
The manufacturer can produce up to 23 000 crange sweets and up to 36 000 lemon
sweets per day.

=mall packets contain 5 orange and 5 lemon sweets.
Medium packets contain 8 orange and & lemon sweets.
Large packets contain 10 orange and 15 lemon sweets.

The manufacturer makes a profit of 14p, 20p and 30p on each of the small, medium
and large packets respectively. He wishes to maximise hiz total daily profit.

Tze x, ¥ and z to represent the number of small, medium and large packets
respectively, produced each day.

a Formulate thiz information as a linear programming problem, making wour
objective function and constraints clear. Change any inequalities to equations using
7 atd & as slack variables.

The tableau below iz obtained after one complete iteration of the simplex algorithm,

Basic variahle x | ¥ |z]| r 5 Value
F 1 24 |0 1] 2 1000
3 3
z 1 2 |10 1 2400
3 5 15
F -4 | -8B |0 | D0 2 | 72000

b Start from this tableau and continue the simplex algorithm by increasing 3, until
you have either completed two complete iterations or found an optimal solution

From wour final tableau:
¢ 1 write down the numbers of small, medium and large packets indicated,
1 write down the profit,

iii state whether thiz iz an optimal selution, giving vour reason, [#]

Solution:
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a Maxzimize F=14x+ 20y +30z
mubject to:
Sx+8y+10z4» = 25000

Sx+6y+1oz4+s5 = 36000

where r and = are slack variables x, v,z 7,820

b
kv | x | ¥ |z|r]| & value
F 1E @ o]l _2 1000
i 3
z 12110 1 | 2400
3 5 15
F |l -4 |=-8|0|0| 2 |72000
kv | x |¥|:z » ] value | Eow operation
¥ sy1(of 1 1 250 E1-4
2 4 &
z l o1 1 3 2300 RZ—ERI
& m | 15 5
gz on 2 | 74000 E3+3R1
3 &
bw x| » |z]| » g WValue | Eow operations
x |1 22 of 3 |_2 &00 B1s =l
3 5 5 12
z |0 _E 1 _l l 2200 R2—1R1
5 5| &
2 |9 20 2| & | B paeim
5 5] 5 3

c i x=600y=0z=2200
i Profitis=£744
iii The solution iz eptimal since there are no negative numbers in the profit row.

© Pearson Education Ltd 2C
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Solutionbank D2
Edexcel AS and A Level Modular Mathematics
Exercise C, Question 3

Question:

Tables are to be bought for a new restaurant. The owners may buy small, medium and
large tables that seat 2, 4 and 6 people respectively.

The owners require at meo st 20% of the total number of tables to be medium sized.

The tables cost £60, £E100 and £160 respectively for small, medium and large. The
owners have a budget of £2000 for buying tables.

Let the number of small, medinm and large tables be x, ¥ and = respectively.

a Write down 3 inequalitiez implied by the constraints. Simplify these where
appropriate.

The owners wish to maximise the total seating capacity, &, of the restaurant.

b "Write down the objective function for 5 in terms of x, vy and z.

¢ Explain why it 15 not appropriate to use a graphical method to solve this problem.

It 15 decided to use the simplex algorithm to solve this problem

d Show that a possible initial tableau iz

Bagsic variable | x ¥ I P £ Value
r -1 4 -1 ]1 0 0
¢ 3 2 8 0 1 100
Ry -2 | -4 -5 |0 0 0

It iz decided to increase = first.

e Show that, after one complete tteration, the tableau becomes

Basic variahle x ¥ I s 3 Value
r i | o 0 1 1 24
3| 8 8| 2
¢ 3 5 1 ] 1 25
g | 8 3 | 2
Ry 1 1 0 1] 3 73
4 4 4

f Perform one further complete tteration.
g Explain how wou can decide if your tableau is now final.
h Find the number of each type of table the restaurant should buy and their total

cost, [£]

Solution:
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l r+y+zizy = —x+dy—z =0
5

E0x+100y+160z < 2000 = 3x+5y + 8z =100
x=20y =20 z=10

b S=Zx+dy+éz

¢ There are three variables.

d
bv | x| » | 2 |r]|¢]|value
Fol-1] 4 ]-1]1|0 0
£ 35 [®][o]1] 100
S| -2] 4| -6]10]0 0
e
bw | = ¥ |z|r| ¢ |vwalue | REow operations
e =D 42 o1 1 ]21 R1+E2
8 ! B 2
z 3 S|Tpopt ]21 E2+8
] 8 g 2
Ry 1| 1 (0pop3| 75 E3+6E2
4 4 4
f
bow, x |yl=z| » ¢ | value | Eow operations
Yol (1oL 52 R1-42
37 =7 37 37 ]
S P B b el S o R
37 37| 37 37 g
2 o PRI 2 el ?5§ R3+1R1
37 =7 37 37 4

g There are no negative numbers in the objective row.

h 0small, 2 medium and 11 large tables (seating 747 at a cost of £1960

© Pearson Education Ltd 2C
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Solutionbank D2
Edexcel AS and A Level Modular Mathematics
Exercise C, Question 4

Question:

Euddly Pals Co. Ltd make two types of soft toy: bears and cats. The guantity of
material needed and the time taken to make each type of toy 15 given in the table.

Toy | Material | Time (minutes)
(m?)
Eear 0.05 12
Cat 0.08 8

Each day the company can process up to 20m” of material and there are 48 worker

hours available to assemble the toys.
Let x be the number of bears made and v the number of cats made each day.

a =how that this situation can be modelled by the inequalities
Sx4+8y = 2000,

Ix 42y =720,
i additionte x20, w20,

The profit made on each bear 15 £1.50 and on each cat £1.75 Euddly Pals Co. Lid

wizshes to maximise its daily profit.

b Setup an initial simplex tableau for this problem.
¢ Solve the problem using the simplex algorithm.

The diagram shows a graphical representation of the feasible region

vk
B
\\
\\
\.
\
B
Y
\
\-\.
\-\.
At *,
| ",
e X
.
‘o
S N
" Y
%
=5 C
s
o
o
\ -
\ Jd,
. -~
R “ Pl
LN e
\, .
N, e
kY S }
0 D E x

d Eelate each stage of the simplex tableau to the corresponding point in the
diagram. [£]

Solution:

file://C:\Users\Buba\kaz\ouba\d2 4 c 4.f 3/11/201.



Heinemann Solutionbank: Decision Mathematics :

a Maierial

(x100) 0.05x+0.08y <20

Sx+8y <2000
Time (+4) 12x +8y < 2880

Ax42y =720
b
kv x ¥ # | & | value
r 5 (8) [1]0] 2000
g 3 2 of 1| 720
P l-15|-175 0|0 0
c
b  |v| r | s| wvalue | Eow operations
r 5 11 1 [0 250 El1+8
8 8
g 13 0] 11| 220 k2
4 4
i i Ul 2 [0 437"l RE—lERl
32 32 2 4
bw |x|v]| r 8 wvalue | Fow operations
A 1 o e [ | TR 205
14 14 7 8
B (el 2| ek | H | g R212
7 7 7 4
£ (&0 E E -488i E3- IERE
o6 56 it 32
. . 5 3
¢ Optmal solution x=1255 ¥ =171¥

Integer solutions needed, so point testing gives x =126 » =171

d The first point is A if ¥ is increased first
(Df x 15 increased first),
The zsecond point 1z O

© Pearson Education Ltd 2C

file://C:\Users\Buba\kaz\ouba\d2 4 c 4.f

Page2 of 2

3/11/201.



Heinemann Solutionbank: Decision Mathematics . Pagel of 2

Solutionbank D2
Edexcel AS and A Level Modular Mathematics
Exercise C, Question 5

Question:

A clocksmith makes three types of luzury wristwatch. The mechanism for each watch
1z assembled by hand by a skilled watchmaler and then the complete watch 15 formed,
weatherproofed and packaged for zale by a fitter.

The table shows the times, in minutes, for each stage of the process,

Watch | Watchmaler | Fitter
type

A o4 &l

E 72 36

& 36 48

The watchmaker works for a maximum of 30 hours per week and the fitter for a
mazximum of 25 hours per week.
Let the number of type &, B and C watches made per weelk be x, v and z.

a Show that the above information leads to the tweo inequalities

3x+4y+ 2z =100,

Sx+3v+4z =125
The profit made on type A, B and C watches 12 £12, £24 and £20 respectively.

b Write down an expression for the profit, P, in pounds, in terms of x, v and =.

The clocksmith wishes to maximise his weekly profit It iz decided to use the simplex
algorithm to solve this problem.

¢ Write down the initial tableau using » and & as the slack variables

d Increasing y first, show that after two complete iterations of the simplex algorithm
the tableau becomes

Basic variahle x |y r|r 5 Value
¥ 1 1 0|2 1115
5 5 5
z 11 |0 I 2 20
10 0|5
= 0 0 ] 16 | 760
H e

e Give a reason why this tableau is optimal (final),
f “Write down the numbers of each type of watch that should be made to maximise
the profit. State the maximum profit [£]

Solution:
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a Watchmaler
Sdx+ 72y + 36z = 1800

{+418)
Ax+dy+2z <100
Fitter
E0x 436y +48z =1500
(+12) x ¥ z

Sx+3v+4dz =125

h FP=12x+24y+ 20z

bw | =x ¥ z | r|e&|value
F 3 (4) 2 | 1[0 100
8 5 3 4 [0]1] 125
Fol-1z|-24|=-20|0]|0 0
d
bw | x |y]| =z r | & | value | Fow operations
¥ 2011 110 25 El1-4
4 2 4
g 22 0 @ ) 1] 350 E2-3R1
4 4
£ 6 |0 =8| & |0 &00 E3+24R1
bow x |ylz| r & | value | Raw operations
% | s (R e (RN e
5 ] 5 2
z nopop1 39z 20 RO+ 21
10 10| & 2
F 14i oo 3 31 760 E3+58E2
3 5 5

e There are no negative numbers in the profitrow
f Type A =0 Type BE=15 Type C=20
Profit=£760
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Solutionbank D2
Edexcel AS and A Level Modular Mathematics

Exercise C, Question 6

Question:

A craftworker malees three types of wooden animals for sale in wildlife parkes. Each
animal has to be carved and then sanded.
Each Lion talces 2 hours to carve and 25 minutes to sand.

Each Giraffe takes 2% hours to carve and 20 minutes to sand.

Each Elephant talkes 1% hours to carve and 20 minutes to sand.

Each day the craftworker wishes to spend at most 3 hours carving and at most 2 hours
sanding.

Let x be the number of Lions, ¥ the number of Giraffes and z the number of Elephants
he produces each day.

The craftworker makes a profit of £14 on each Lion, £12 on each Giraffe and £13 on

each Elephant. He wizhes to mazimize his profit, F.

a Model this as a linear programming problem, simplifiring your expressions so that
they have integer coefficients.

It iz decided to use the simplex algorithm to solve this problem.

b Ezxplaining the purpose of 7 and &, show that the initial tableau can be written as:

Basic variahle x ¥ I » 5 Value
F 4 ] 3 1 0 16
4 < & 0 1 24
F 14 |1 -12]1-13] 0 0 0

¢ Choosing to increase x first, work out the next complete tableaun, where the x
column includes two zeros.
d Explain what this first iteration means in practical terms. [&]

Solution:
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a Maximise P=14x+12y+13=

subject to:

Carving 2x+25y+15z =8 =4x+5y+32 =16
sanding 29x 4+ 20y 430z =120 = Sx+4v+bz =24

xyz =0

b rand s are numbers which indicate the slack time

Profit: P-14x-12y-13z=10

Constraints:

dx+oy+3z+r =16
Sx+dv+bz+s=24

bv | x ¥ z | r|&|value
ro| (4) 5 3010 16
g 5 4 6 |01 24
Fl-14|-1z|=-13|0]|0 0
c
bwv [x]| ¥ z r | & | value | Eow operations
x |1 E E l o] 4 El1+4
4 4 4
s |0 B 8|51 4 E2-35E1
4 4 4
P01 ST 10 56 E3+14E1
2 2 2

d From a zero stock situation, if we increasze the number of lions to 4, we are

increasing the profit from 0 to £36
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Heinemann Solutionbank: Decision Mathematics :

Solutionbank D2

Edexcel AS and A Level Modular Mathematics

Exercise A, Question 1

Question:

A two person Zero-sum game is represented by the following pay-off matriz for

player A
B plays 1 Bplays2 |BEplay: 3
A plays 1 3 2 3
A plays 2 -2 1 3
A plays 3 4 2 1

Pagel of 1

a Determine the play safe strategy for each player.
b Verify that there 1z a stable solution for this game and determine the saddle point.

Solution:
a
Bplays 1 | Bplays 2 | Bplays 2 | Eow min

A plays 1 3 P 3 2 —

A plays 2 -2 1 E: -2

A plays 3 4 P 1 1

Column maz 4 P 3
T

A should play 1 (row maximin = 2)
E should play 2 (column minimaz = 27

b row maximin = 2 =column minim ax

. game 15 stable

© Pearson Education Ltd 2C
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Heinemann Solutionbank: Decision Mathematics :

Solutionbank D2

Edexcel AS and A Level Modular Mathematics

Exercise A, Question 2

Question:

Eobert and Steve play a zero-sutn game. This game is represented by the following
pay-off matriz for Robert

stewveplays 1 | Steveplays 2 | Steveplays 2 | Steve plays 4
Ecbert plays 1 -2 -1 -3 1
Ecbert plays 2 3 1 -2
Ecbert plays 3 1 1 -1 E

a Determine the play safe strategy for each player.

h Verify that there 1z no stable selution for this game.

Solution:
a
Splave 1 | Splaye 2 | Splayes 3 | Splaye 4 | Eow min

E plays 1 -2 -1 =5 1 -3

E plays 2 2 3 1 -2 -2

Eplays 3 1 1 -1 3 -1 “—

Column max 2 3 1 2
T

E should play = (row maximin =-1)
= should play 3 {column minimax =1)

b row measimin # column minimax

-1=1

50 game 15 not stable

© Pearson Education Ltd 2C
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Heinemann Solutionbank: Decision Mathematics :

Solutionbank D2

Edexcel AS and A Level Modular Mathematics

Exercise A, Question 3

Question:

A two person zero-sum gatmne is represented by the following pay-off matriz for

player &
Eplayzs1 | Bplays2 | B plays 3
Aplays 1 | =3 -2 2
Aplays2 | =1 -1 3
bAplays 3 | 4 -3 1
Aplaysd | 3 -1 -1

a Determine the play safe strategy for sach player.
b Verify that there 1z a stable solution for this game and determine the saddle points.

¢ State the value of the game to player &

Solution:
a
Eplays 1 | Bplay: 2 | B plays 5 | Eow min
Aplays 1 =3 -2 @ -3
A plays 2 -1 -1 3 -1
A plays 3 4 -3 1 -3
A plays 4 3 -1 -1 -1
Column max 4 -1 3
T

A should play 2 or 4 {row mazimin —1)

B should play 2 (column minimazx —1)

b Since row maximin = column minimax

e

game iz stable

Saddle points are (A2, B2 and (&4, B2

¢ Value of the game iz —1 to & (if A plavers 2 or 4 and B plays 2 the value of

the game 1z —1).

© Pearson Education Ltd 2C
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Heinemann Solutionbank: Decision Mathematics :

Solutionbank D2
Edexcel AS and A Level Modular Mathematics

Exercise A, Question 4

Question:

Claire and David play a two person zero-sum game, which 15 represented by the

following pay-off matrix for Claire.

Dplays 1 | Dplays 2 | Dplays 3 D plays 4
C plays 1 7 2 -3 3
C plays 2 4 -1 1 3
C plays 3 -2 5 -1
C plays 4 3 -3 —4 2

a Determine the play safe strategy for each player.
b Verify that there 15 no stable solution for this game.

¢ State the value of the game for Clawre if both plavers play safe.
d State the value of the game for David if both players play safe.

e Determine the pay-off matrixz for David.

Solution:
a
Dplave 1 | Dplavs 2 | Dplays 2 | D playe 4 | Eow min
C plays 1 7 2 -3 ) -3
C plays 2 4 -1 1 3 -1
C plays 3 -2 5 2 -1 -2
C plays 4 3 -3 —4 2 —4
Column max 7 5 2 5
i

Cplays 2 (row maximin =—1)
D plays 2 {column minimeax = 2)

b -1=2

row maximin £ column minimas

5o no stable solution

¢ I Cplays 2 and D plays 3, the value of the game 15 1 to Claire

d sither since the value of the game iz 1 to Claire and it i3 a zere-sum game, the value

of the game must be —1 to Dawvid

ar

If C plays 2 and D plays 3 Claire wins 1, so David wins —1

e
Cplays 1 | Cplaye 2 | Cplays 3 | Cplays 4
Dplay: 1 =7 —4 2 -3
Dplays 2 -2 1 -5 3
Doplays 3 3 =l -2 4
Dplays 4 B -3 1 -2

© Pearson Education Ltd 2C

file://C:\Users\Buba\kaz\ouba\d2_ 5 a 4.t

Pagel of 1

3/11/201.



Heinemann Solutionbank: Decision Mathematics . Pagel of 1

Solutionbank D2
Edexcel AS and A Level Modular Mathematics
Exercise A, Question 5

Question:

Hilary and Denis play a two person zero-sum game, which 15 represented by the
tollowing pay-off matrix for Hilary.

Dplays 1 Dplaye2 | Dplays 3 |Dplaysd | Dplays 5

Hplays1 | 2 1 ] 0 2
Hplays2 | 4 0 ] 0 2
Hplays3 |1 4 -1 -1 3
Hplays4 |1 1 -1 —2 0
Hplays:5 |0 -2 -3 -3 -1

a Determine the play safe strategy for each player.

b Verify that there 1z a stable solution for thiz game and state the saddle points.

¢ State the value of the game for Hilary if both players play safe.

d State the value of the game for Denis if both players play safe.

e Determine the pay-off matriz for Denis.

Solution:
Dplayve 1 | Dplays 2 | Dplave 2 | Dplaved | Dplays 5 | Eow min
Hplays 1 2 1 ] 0 2 0«
Hplay: 2 4 0 1] ] 2 0«
Hyplays = 1 4 -1 -1 3 -1
Hplays 4 1 1 -1 -2 0 -2
Hplays 5 0 -2 -3 -3 -1 -3
Column tmax 4 4 ] ] 3
T T

a Hplays 1 or2
Dplays 3 ord

b row mazimin = column minimaz
0=10
so game stable

saddle points (H1, D3) (H2, D3) (H1, D4) (H2, D4)

¢ The value ofthe game to Hilary =0

d The value of the game to Deniz =10

Hplavs 1 | Hplavs 2 | Hplays 3 | Hplays 4 | Hplays 5
Dplays 1 -2 —4 -1 -1 0
Dplays 2 -1 0 -4 -1 2
Doplays 2 ] ] 1 1 3
Dplays 4 ] 0 1 2 3
Dplays 5 -2 -2 =3 ] 1
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Heinemann Solutionbank: Decision Mathematics :

Solutionbank D2

Edexcel AS and A Level Modular Mathematics

Exercise B, Question 1

Question:

Freva plays 1 Frevaplays 2

Ellieplays 1
Ellie plays 2
Ellieplays =

1
-1
3

=5
&
-3

Ellie and Freva play a zero-sum game, represented by the pav-off matrix for Ellie
shown above. TUee dominance to reduce the game to a 2x2 game. Tou must make

your reasoning clear

Solution:

Fow 3 dominates rew 1 (3> 1,-3> -5) 50

game can be reduced to

Ellie would always choose to
play row 3 over row 1

Frevaplays 1

Frevaplays 2

Ellie plays 2

-1

&

Ellie plays 3

3

=3

© Pearson Education Ltd 2C
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Heinemann Solutionbank: Decision Mathematics :

Solutionbank D2

Edexcel AS and A Level Modular Mathematics

Exercise B, Question 2

Question:

Harry plays 1 Harry plays 2 Harry plays 3

Doug plays 1
Doug plays 2

=3
2

2
-3

Doug and Harry play a zero-sum game, represented by the pay-off matrix for Doug
shown abowe. Use dominance to reduce the game to a 2% 2 game. You must malke

your reasoning clear,

Solution:

Column 3 dominates 2 (-1=2 -6 =-3)

Harry would always choose to play 3
over 1

Harry plays 1 | Harry plays =2
Dougplays 1 -5 -1
Doug plays 2 2 —f

© Pearson Education Ltd 2C
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Heinemann Solutionbank: Decision Mathematics :

Solutionbank D2

Edexcel AS and A Level Modular Mathematics

Exercise B, Question 3

Question:
Hick plays1 Mick plays 2 Mick plays 3
Chris plays 1 1 2 3
Chriz plays 2 -1 -3 1
Chris plays 3 2 -1 5

Chris and Mick play a zero-sum game, represented by the pay-off matriz for Chris
shown abowe. Use dominance to reduce the game to a 22 game. ¥ou must make

your reasoning clear,

Solution:

Row 1 dominates row 2 (1> -1,2>-3,3> 1) Chris would always choose to play 1

Pagel of 1

over 2
Column 1 (or column 2) dominates column 3
(1<3,-1<1,2=5 or 2<3,-3<1, -1<3
Mick plays 1 | Hick plays 2
Chris plays 1 1 5 Mick would always choose 1 (or 2 over 2
Chris plays 3 2 =1
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Heinemann Solutionbank: Decision Mathematics . Pagel of 2

Solutionbank D2
Edexcel AS and A Level Modular Mathematics
Exercise B, Question 4

Question:

a Verify that there 15 no stable solution.
b Determine the optimal mixed strategy and the value of the game to A
¢ Determine the optitnal mixzed strategy and the value of the game to B,

Eplays1 B plays 2

A plays 1 2 —4
A plays 2 -1 3
Solution:
a
Bplays 1 | B plays 2 | Eow min
A plays 1 2 —d —d
A plays 2 -1 3 -1
Column max 2 3
T

since 22 —1 (column minimax # row maximin) the game is not stable

b Let & play 1 with probability p
So A plays 2 with probability (120
IfE plays 1 A's ezpected winning are 2p—-1(1- p1=3p -1
ItE plays 2 A's expected winnings are dp+3{1-p1=3-Tp

Expected
4 | winnings
Ap—-1=3-Tp
»\\h\ '1[]27_;| —
2 e e 3P =1 2
H\\H\ L p 5
e
@ pg0 R p¥l
2 ke
%
"'\-LM\
4 ~J 3-Tp
: s e
A zhould play 1 with probability —
3
A should play 2 with probability %
2) —1= o

The walue of the game to A is 3(5

file://C:\Users\Buba\kaz\ouba\d2_ 5 b 4.t 3/11/201.



Heinemann Solutionbank: Decision Mathematics :

¢ Let B play 1 with probability ¢
so B plays 2 with probability (1—¢)

If & plays 1 B's expected winnings are —[2g —4(1—g)]=4 g

If & plays 2 B's expected winnings are —[—g+3{1-g)]=4g -2

Expected
winnings

Lhn

9 g0 e

E should play 1 with probability :_U

E should play 2 with probability %
-1

The walue of the game to B 15 4(%) —3= =

© Pearson Education Ltd 2C
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Heinemann Solutionbank: Decision Mathematics :

Solutionbank D2

Edexcel AS and A Level Modular Mathematics

Exercise B, Question 5

Question:

a Werify that there i no stable solution.

b Determine the optimal mixzed strategy and the value of the game to &
¢ Determine the optitnal mixzed strategy and the value of the game to B,

Eplayz1 B plays 2

A plays 1 = ]
A plays 2 2 —4
Solution:
a
Bplays 1 | B plays 2 | Eow min
A plays 1 -3 ] -3 —
Eplays 2 P —4 —d
Column maz 2 ]
T

since 22 =3 (column minimax # row maximin) the game iz not stable

b Let & play row 1 with probability p
So b plays row 2 with probability (1-p)

IR plays 1 A's expected winnings are —3p+2(1-p)=2-3p

ItE plays 2 A's expected winnings are Sp—4{1-p1=%p -4

6 Expected
winnings
4 //
s
Y
S
0 :
pFO ~_ pFl
g
L
2 / N
B
< 9
4

¢ Let B play column 1 with probability g
o B plays column 2 with probability {1-¢)

If & plays 1 B's expected winnings are —[—3g+5(1-g)]=8g-5

If A plays 2 B's expected winning are —[2g—4{1-g)]=4 - bg

file://C:\Users\Buba\kaz\ouba\d2_ 5 b 5.t

| 9p—4

5p

2=5p=%p-4

1l4p =6
.
7

& sheuld play 1 with

probability ;

& should play 2 with

.4
roability —
F v =

The value of the game to

Az 2—5(—J=
7

3

-1
~
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Heinemann Solutionbank: Decision Mathematics :

» Expected
winnings
4
2
0 g=+0 g
-2
4
-6
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Bg—35

4 — by

Bg—3=4-bg
144 =9
_ 9
14

E zhould play 1 with
.. 9
robability —
& & 14

E zhould play 2 with
—
robability —
R 7 14

The walue of the game

1
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toBiz B{—)-5=—.
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Heinemann Solutionbank: Decision Mathematics :

Solutionbank D2

Edexcel AS and A Level Modular Mathematics

Exercise B, Question 6

Question:

a WVerify that there 15 no stable solution.

Pagel of 2

b Determine the optimal mixzed strategy and the value of the game to &
¢ Determine the optitnal mixed strategy and the value of the game to B

Eplays1 B plays 2
A plays 1 ] -1
A plays 2 —2 1
Solution:
a
Eplays 1 | B plays 2 | Eow min
A plays 1 5 -1 -1
Aplays 2 -2 1 -2
Column max ] 1
T

since —12 1 (column minimax = row maximin) the game iz not stable

b Let & play row 1 with probability g
So A plays rows 2 with probability (1—- 23

IfB plays 1 A's expected winnings are Sp—2(1-p)=Tp -2
IfB plays 2 A's expected winnings are —p+1{1-p)=1-2p

Expected
winnings

(]

0,40

[E¥)

¢ Let B play column 1 with probability ¢
so B plays column 2 with probability {1—g)

Tp -2

If 4 plays 1 B's expected winnings are —[2g—-1{1-g)]=1-6g
If & plays 2 B's expected winning are -2 +1{1-¢)]= 3 -1

file://C:\Users\Buba\kaz\ouba\d2_ 5 b 6.t

Tp-2=1-2p
Gp =13
1
P =3

A should play 1 with
probability %
A should play 2 with
probability %
The value of the game
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4 Expected

winnings
4
2 otdg—l
_—-""'-'-'_-- -
‘Hﬁ-‘._ - —_—
0 L~ s
ol rﬁa g= 1
=0 i)
T
\H\“‘*h
T
—4 =
e
11-6gq
6
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with probability
E should play 2
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Heinemann Solutionbank: Decision Mathematics :

Solutionbank D2
Edexcel AS and A Level Modular Mathematics

Exercise B, Question 7

Question:

a Verify that there 15 no stable solution.
b Determine the optimal mized strategy and the wvalue of the game to &4
¢ Determine the optitnal mixed strategy and the value of the game to B,

Bplays1 B plays 2

A plays 1 -1 3
A plays 2 1 -2
Solution:
a
Bplays 1 | B plays 2 | Bow min
Aplays 1 -1 3 -1 —
A plays 2 1 -2 -2
Column mazx 1 3
l]\

since 1#—1 (column minimax =+ row maximin) the game iz not stable

b Let & play 1 with probability g
So b plays 2 with probability {(1- 23
ItE plays 1 A's expected winnings are —p+{1-p)i=1-2p
ItE plays 2 A's expected winnings are 3p—2({1-p)=0p -2

Expected
4 winnings
] Sﬂ‘ 2
.-.--"".--
. -
- -"--J
— -
2l y
el i
“ - ___-_.-'"'?—__'_"\-—.____
p=0 __I_;-"' Te— _PT 1
- —— |
oo 1-2p
g e

A should play 1 with probability

A should play 2 with probability

O I [ IS

The walue of the game to & 15 1- 2(%) = %
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¢ Let B play 1 with probability ¢
oo B plays 2 with probability {1—g)

It & plays 1 B's expected winnings are —[—g+ 31— g)]=4g -3
It & playe 2 B's expected winnings are —[¢—2(1—g)] =2- 34

Expected
> 1 winnings

E should play 1 with probability ?E
E should play 2 with probability ?E

The value ofthe game to B 12 4(;]—3=—?
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Heinemann Solutionbank: Decision Mathematics . Pagel of 1

Solutionbank D2
Edexcel AS and A Level Modular Mathematics

Exercise C, Question 1

Question:

a Verify that there 15 no stable solution.
b Determine the optimal mixed strategy and the value of the game to A

Bplays1 EBplayz2 Bplays =

A plays 1 =3 2 2
A plays 2 1 -3 -4
Solution:
a
Bplays 1 | Bplays 2 | B plays 3 | Eow min
A plays 1 -4 2 2 -5
A plays 2 1 -3 —4 -4 —
Column max 1 2 2
ik

since 1# —4 (column minimax # row maximin) the game iz not stable

b Let A play 1 with probability p
So b plays 2 with probability (1-p2)
IftB plays 1 A's expected winnings are —Sp+1(1-pi=1-6p
ItE plays 2 A's expected winnings are 2p—3{1—-p1=5p -3
IfB plays = A's expected winnings are 2p—4(1-pi=ép—4

» Expected

winnings > tp—d=1-6p
1-6p|. X/.{f‘:f 122 =5
~
0 \\K‘x\ ff/f/ p = i
p+0 B pEl 12
2 ’_f,e-’;f/' S A should play 1 with
o Optimal ™ 5
| s p i
P 4 % - solution R‘“xx probability E
6p—4- ]  4shouldplay 2 with
7
robability —
P ¥ 12

The walue of the game to A 15
5 3
1-6(=—1=-2
I:12) 2
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Heinemann Solutionbank: Decision Mathematics :

Solutionbank D2

Edexcel AS and A Level Modular Mathematics

Exercise C, Question 2

Question:

a Werify that there iz no stable solution.
b Determine the optimal mixzed strategy and the value of the game to &

Eplays1 Bplays2 Bplays 3

Aplays 1 2 & -2
A plays 2 -1 —4 3
Solution:
a
Bplays 1 | Bplays 2 | B play: 2 | Eow min
A plays 1 2 & -2 -2 “—
A plays 2 -1 —4 3 —4
Column max 2 & 3
T

since 22 —2 (column mintmax # row maximin) the game is not stable

b Let 4 play 1 with probability g
So b plays 2 with probability (1-p2)
IftE plays 1 A's expected winnings are 2p—i{1—-p)=3p—1
IfB plays 2 A's expected winnings are 6p—4(1-pi1=10p -4
IfB plays = A's expected winnings are —2p+3{1-pi1=3-5p

+ Expected

6 | winnings

A 3p-1

2

A should play 1 with

— A

wg i

) = robability —

Optimal ik ’ F 2
solution A should play 2 with
™~ 3-5p 1
probability >

The walue of the game to & 15
1 1
A-1=—
I:2:I 2
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Heinemann Solutionbank: Decision Mathematics :

Solutionbank D2
Edexcel AS and A Level Modular Mathematics

Exercise C, Question 3

Question:

a Werify that there iz no stable solution
b Determine the optimal mixed strategy and the value of the game to A

Eplaysl EBplays2 Eplays =

A plays1 -2 3 é
A plays 2 ] 1 -4
Solution:
a
Bplays 1 | Bplays 2 | B plays 3 | Eow min
A plays 1 -2 3 & -2 —
A plays 2 ] 1 —4 -4
Colutan max il 3 &
T

since 32 —2 (column minimax # row maximin) the game 15 not stable

b Let A play 1 with probability p
So b plays 2 with probability (1—-2)
IfE plays 1 A's expected winnings are —Z2p+5{1-p)=5-Tp
IftE plays 2 A7s expected winnings are 3p+1{1-pi=2p+1
IfB plays = A7z expected winningz are 6p—4{1-p)=10p—4

Expected B
6 winnings 10p—4 [ipsdi =0=ln
17p =5

e

B

A zhould play 1 with

(]

- 9
robability —
0 ) ’ i

pE0 Uptiirml < ES A should play 2 with

L. 8
solution g probability e

|
i

22

9
10(—)—4
7 17
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Heinemann Solutionbank: Decision Mathematics . Pagel of 1

Solutionbank D2
Edexcel AS and A Level Modular Mathematics
Exercise C, Question 4

Question:

a Werify that there 15 no stable solution
b Determine the optimal mixzed strategy and the value of the game to &

Eplays1 Bplays2 Bplays 3

Aplays 1 ) -2 —4
A plays 2 -3 1 f
Solution:
a
Bplays 1 | Bplays 2 | B play: 3 | Eow min
Aplays 1 ] -2 —4 —4
Aplays 2 -3 1 ) -3
Colutan max il 1 &
T

since 12 -3 (column minimax # row maximin) the game 13 not stable
b Let & play 1 with probability p

S0 b plays 2 with probability {(1- )

IfE plays 1 A7z expected winningz are Sp—3(1—p1=8p -3

IfE plays 2 &7s expected winnings are —2p+1{1-pi1=1-3p

IfE plays 3 A7z expected winnings are —dp+6&(1-p1=6-10p

Expected
winnings

6 | Bp-3=1-3p

8p—3 11p =4
//1" ;

LT

-2

A should play 1 with

probability 14—1
0 A should play 2 with

P pTl

Optimal

e O

probability —

: F 11
solution

2

ip
‘ The value of the game to A 13

4 1
Rty
CTUREET

il h 6—10p
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Heinemann Solutionbank: Decision Mathematics :

Solutionbank D2
Edexcel AS and A Level Modular Mathematics

Exercise C, Question 5

Question:

a Verify that there i no stable solution,
b Determine the optimal mized strategy and the value of the game to B.

EBplaysl B plays 2

Pagel of 1

& plays 1 il 1
A plays 2 3 —4
A plays 3 -2 2
Solution:
a
Bplays 1 | Bplays 2 | Eow min
A plays 1 -1 1 -1 —
LA plays 2 ] —4 —4
Aplays 3 -2 2 -2
Column max 3 2
i

Zince 2 # —1 {column minimax # row maximin) the game 15 not stable

b Let B play 1 with probability ¢
=0 B plays 2 with probabality (1—g)
If & plays 1 B's expected winnings are [—g+1{1-g)]=2¢ -1
If & plays 2 B's expected winnings are —[Jg - 41-g1]=4-"Tg
If & plays 3 B's expected winnings are —[-2g +2{1—-g)]=4g - 2

4 Expected

4 . winnings | sl =0
Bg =25
5
2 4g -2 4= q
2 . .. /
~, 2a-1 i
=4 E should play 1 with
\\ - 5
- probability 5

E should play 2 with

/ Optimal \

solution e

probability g

[ ]

6 7q The value of the game to B

. 5 1
15 2(=)—-1=—
(9) 9
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Heinemann Solutionbank: Decision Mathematics :

Solutionbank D2
Edexcel AS and A Level Modular Mathematics

Exercise C, Question 6

Question:

a Verify that there iz no stable solution.
b Determine the optimal mized strategy and the value of the game to B.

Eplays1 B plays 2

4 playe 1 =5 4
A plays 2 3 -3
A plays 3 1 =2
Solution:
a
EBplays 1 | B plays 2 | Eow min
& plays 1 -5 4 -5
A plays 2 a -3 -3
L plays 3 1 -2 -2 —
Column mazx 3 4
T

since 3% —2 (column minimax # row maximin) the game 15 not stable

b Let B play 1 with probability ¢
=0 B plays 2 with probability (1—¢)
If & plays 1 B's expected winnings are —[-g +4{1-g)]= 5% —4
If & plays 2 B's expected winnings are 3y —3{1-¢)]=3—-6g
If & plays 3 B's expected winnings are —[g¢—2{1-¢)]=2-3¢
Expected
6 M wil[l}nings | it
9¢g — 4 15 =7
7

HRT:

E should play 1 with
L q
robability —
P ¥ 13

E should play 2 with
i)
robability —
B ¥ 15

[ %]
4

Optimal g 3

solution is 9(1) =
15 15

| g%

13-6g
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Solutionbank

D2

Edexcel AS and A Level Modular Mathematics

Exercise C, Question 7

Question:

a Werify that there 15 no stable selution,
b Determine the optimal mized strategy and the value of the game to B.

Eplaysl B plays 2

A plays 1 -3 2
A plays 2 il -2
4 plays 3 2 —4
Solution:
a
Eplays 1 | Bplays 2 | Eow min
L plays 1 -3 2
& plays 2 -1 —2 —
L plays 3 2 —d
Column mazx 2 2
1 1

since 2% —2 (column minimax # row mazimin) the game 15 not stable

b Let B play 1 with probability ¢
50 B plays 2 with probability (1—¢)
If & plays 1 B's expected winnings are —[-3g+2(1-g)]=5¢ -2
If & plays 2 B's expected winnings are [—g—2(1-g)]=2—-¢g
If 4 plays 3 B's expected winnings are —[2g—4{1-g)]=4 -éqg

\ E :s_;ps:_ctud
winnings
K\m
"\.\\h
o
Yo,
e
2 f— \\‘x -
- ______Hx"x_——— .-—"J/
. T
e -
L
,-""}(:‘\..\_\
- A e
0 — t ~
o= - i
P70 P Optimal ™~
- - kl
s Solution
>
5 |z
4
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Sg—2=4—byg
1g =6
6
T i

E should play 1 with
s G
robability —
P ¥ 1
E should play 2 with
5
robability —
B ¥ 11
The walue of the game to B
2

) )
1z 5(—1-2=—
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Solutionbank D2
Edexcel AS and A Level Modular Mathematics

Exercise C, Question 8

Question:

a Verify that there 15 no stable solution.
b Determine the optimal mized strategy and the value of the game to B

Eplays1 B plays 2

A plays 1 2 -3
A plays 2 -2 4
A plays 3 1 -1
Solution:
a
Eplays 1 | B plays 2 | Eow min
Aoplays 1 2 -3 -3
A plays & -2 4 —2
Aplays 3 1 -1 -1 —
Column max 2 4
T

snce 2% —1 (column minimax = row mazimin) the game is not stable

Let B play 1 with probability ¢

=0 B oplays 2 with probability (1—¢)
If & plays 1 B's expected winnings are —[2g —3(1—g)]=3-23¢
If & plays 2 B's expected winnings are —[-2g+4(1-g)] =bg -4

If & plays 3 B's expected winnings are —{g—1{1-41]=1- 24

{ Expected
winnings

// Oq -
HHH&\HH z//’-
-_-"_-_--““—“ \\\ /
- HHHH N
~~ Optimal ™~
e solution I

2 H"Hh
I- —.
0
gT0
2
/’/ﬂ/
4 |7

A

© Pearson Education Ltd 2C

file://C:\Users\Buba\kaz\ouba\d2_ 5 c_ 8.f

4

-

2g

bg—4=1-2g
By =5
ol
=3

E should play 1 with
probability g

E should play 2 with
probability g

The walue of the game to B
1

: 5
1z B -4 =——
(83' i
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Exercise D, Question 1

Question:

Formulate the game below as a linear programming problems for player &, writing the
constraints as equalities and clearly defining your variables.

Eplays1 B plays 2

A plays 1 -1 1

A plays 2 3 —4

A plays 3 —2 2
Solution:

Add 5 to all elements

Eplays 1 | B plays 2
A plays 1 4 6
A plays 2 ] 1
A plays 2 3 7

Let & play 1 with prebability 2
and A play 2 with probability p,
and A play 3 with probability 2
Let the value of the game to & be v and ¥ =v+3

Mamimize F=F

Subjectto 4py+8p, +3p 2V =V —4p —-8p, - 3p. +r =10
b+ +ip, 2V =V -bp,—p,—Tpy+s =0

Pyt El=ptptp i =1

PP Pal i =0

© Pearson Education Ltd 2C
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Solutionbank D2
Edexcel AS and A Level Modular Mathematics
Exercise D, Question 2

Question:

Formulate the game below as a linear programming problems for player &, writing the
constraints as equalities and clearly defining your variables,

Eplays1 Bplays2 Bplays 3

A plays 1 =5 4 1
A plays 2 3 =3 2
A plays = 1 -2 -1
Solution:

Add & to all elements

Bplays 1 | Bplays 2 | B plays 3
Aplaysz 1 1 10 7
A plays 2 9 3 ]
Aplays 3 7 4 ]

Let A play 1 with probability gy
and A play 2 with probability p,
and A play 3 with probability py
Let the value of the game to A be vand FF=v+6

Masmimize F=F

Subject to P+ T 2V =V —p —9p,— Ty +r =0
10p +3p, +dp =V = -10p, -3p, —d4p, +5=10

T +Epy+op 2V =V -Tp —8p —Op; +1 =0
ntptpsEl=ptptetu =1

PP Bs. etk 210
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Solutionbank D2
Edexcel AS and A Level Modular Mathematics
Exercise D, Question 3

Question:

Formulate the game below az a linear programming problems for player &, writing the
constraints as equalities and clearly defining vour variables,

Eplays1 Bplays2 B plays =

A plays 1 -3 2 -1
A plays 2 -1 -2 1
A plays = 2 —4 -2
Solution:

Add 5 to all elements

EBplays 1 | Bplays 2 | Bplay: =
A plays 1 2 7 4
A plays 2 4 3 &
A plays 2 7 1 ]

Let & play 1 with prebability p
Let A play 2 with probability g,
Let A play 3 with probability
Let the value of the game to A bevand F=v+3
Mazimise P=1"
Subject to
dptHadp, i 2V =SV -2p -dp,-Tp, +r=10
T +E3p,tp, 2V =SV -Tp -3p,—pts =0
dp,+bp,+3p, 2 =V —dp, —bp, —3p,+t =0
Aty El=ptetetu =1
PP Pt 5 hu =0
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Solutionbank D2
Edexcel AS and A Level Modular Mathematics
Exercise D, Question 4

Question:

Formulate the game below az a linear programming problems for player &, writing the
constraints as equalities and clearly defining your wariables.

Eplays1 Bplays2 B plays =

A plays 1 2 ) -1
A plays 2 -2 4 1

A plays = 1 -1 0
Solution:

Add 4 to all elements

Bplays 1 | BEplays 2 | B plays 3
A plays 1 & 1 3
A plays 2 2 ] 3
A plays 2 ] 3 4

Let & play 1 with probability z
Let A play 2 with probability p,
Let A play 3 with probability gy
Let the value of'the game to A bevand FF=v+4
Wlazmimise F=1
subject to
Ep+i2p+ip =V =V —6p - 2p, - 0p,+r =10
P8y, +3p 2 = —p —8p, —3p,+s =10
3ptop, +aAp = =V -5 - 5p, —dp, +: =0
Bttt 2l tp, et =1
PP .7 6tu =0
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Solutionbank D2
Edexcel AS and A Level Modular Mathematics

Exercise D, Question 5

Question:

Formulate the game below az a linear programming problem for player B, writing the
constraints as equalities and clearly defining your variables,

Eplayzl EBEoplays 2 B plays 3

A plays 1 -4 2 3
A plays 2 1 -3 —4
Solution:
Aplays 1 | Aplays 2 Aplays 1| A plays 2
Eplays 1 5] -1 Adding | B plays 1 9 3
E plays 2 -2 3 4toall | Bplays 2 2 7
Eplays 3 -3 4 elements | B plays 2 1 ]

Let B play 1 with prebability o
Let B play 2 with probability o,
Let B play 3 with probability o,

Let the value of the game to Bhevand ¥V =v+4
Mazimizse F=1
subject to

g tigytg; 2V V-8 — 2y —gs+r =10
S+ lg +8g 2V V-3g -g, 8¢ +s =0
gy +4g, +g; =1 g tg,ta+i=1

@ dq.d7. 7.5 2 0
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Solutionbank D2
Edexcel AS and A Level Modular Mathematics
Exercise D, Question 6

Question:

Formulate the game below az a linear programming problems for player B, writing the
constraints as equalities and clearly defining your variables.

Eplays1 EBplays2 Bplays 3

A plays1 =3 4 1
A plays 2 3 =3 2
A plays 3 1 -2 -1
Solution:
& A A A A &
plays | plays | plays plays | plays | plays
1 2 3 1 2 3
Bplaye1 | 5 e ] ﬁdgmg B pllaf”s 10 2 4
Bplays2 | -4 3 2 toall | P péaf”s 1 8 9
B plays 3 -1 -2 1 elements k p?{ays 4 2 6

Let B play 1 with probabality ¢

Let B play 2 with probability g,

Let B play 3 with probability o,

Let the value of the game to B bev and I =v+35

Weamimise F=F

subject to

10g,+g, +dg, =F = -10g,—g, —dg,++7 =0
dgytog, 30 2V = -2 -8y, -3+ =10
dagy +lg+bg, 2V =V —dg - g, —bg,+1 =0

Nt szt e tu=1

T D SO Y= |
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Solutionbank D2
Edexcel AS and A Level Modular Mathematics
Exercise D, Question 7

Question:

Formulate the game below az a linear programming problems for player B, writing the
constraints as equalities and clearly defining your variables,

Eplays1l EBplays2 Eplays =

A plays1 -3 2 -1
A plays 2 -1 -2 1
A plays = 2 —4 -2
Solution:
A A & A & A
playe | playes | plays playe | plays | plays
1 2 2 1 2 :
E plays 1 3 1 -2 Adding 3 E plays 1 & 4 1
E plays 2 -2 2 4 to all Eplays 2 1 ] 7
Eplays 3 1 -1 2 elements Eplays 3 4 2 3

Let B play 1 with prebability ¢
Let B play 2 with probability g
Let B play 3 with probability ¢,
Let the value of the game to Bbe v and ¥ =v+3
Mazimize P=1
subject to:
bt g 2V =V —bg —g, —dg +7 =10
4 +5g, +2g, 2V SV g —5g, —Zg, +5 =0
g, +og, =V SV - Vg Oy, +E =10
ftata Sl=atagtetu=1
- S N - T Y
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Solutionbank D2
Edexcel AS and A Level Modular Mathematics

Exercise D, Question 8

Question:

Formulate the game below as a linear programiming problems for player B, writing the
constraints as equalities and clearly defining vour variables,

Bplays1l EBEoplayz2 Bplays 3

Aoplays 1 P -3 -1
A plays 2 -2 4 1
Aoplays 3 1 -1 0
Solution:
A A A A A A
plays 1 | plays 2 | plays 3 plays 1 | plays 2 | plays 3
E plays 1 -2 2 -1 Adding | Bplays 1 3 7 4
Eplays 2 3 -4 1 Stoall | Bplays 2 ] 1 &
Eplays 3 1 -1 0 elements | B plays 3 & 4 ]

Let B play 1 with probability ¢
Let B play 2 with probability o,
Let B play 3 with probability o,
Let the value of the game to B bev and ¥ =v+25
Wamimize F=F
subject to:
3g,+8g, +ég, =v =l -3¢, —8g, —bg, +r =10
T +tg,+dg =V =2V =T —g,—dg; +5 =10
dgy +6g, +5g, 2 v = —dg —bg, —Sg; +£ =0
atmtasl=ogtg e tu=]

- PO - = |
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Solutionbank D2
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Exercise D, Question 9

Question:

TTzing vour answer to question 1,
a write down an initial simplex tableau to solve the zero-sum game below, for player

A,
b use the simplex algorithm to determine A's best strategy.

Eplays 1 B plays 2

Aplays1 -1 1

A plays 2 £ —4

A plays = -2 2
Solution:
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| pa | |78t value

—
—
—
=
—t
—t

b

bv |V gy 2y | 2| 7| 5|2 | value

¥ 14| -8]-3 ofo] 0 Ei1+1

g Ofl-z2] 7 | -4|-1]1[0] 0 EZz-ER1

¢ 0 {:1} 1 1 ool 1 B3 no change

F 0| -4 |(-8|-3] 1 ]|0|0] 0 E4+E1

by |Vl ey | 25| 7 | 5] ]| values

i 110 ] -4]|1 1 [0]3 3 E1+4E3

g o]0 @ -2 |-1]1|2 2 R2+2E3

P |01 1 1 o jo|1 1 E3 no change

F oo |41 a4 4 E4+4E3

[0 N T T T g £ | walue

¥ 1pofoj1 2 4 3] 4 | Rl1+4R2
9 9 9 9 9

pa |00 1| 2111 2 2 Ez+5
9 9 o g 9

po |0 1T 0 E l —_1 1 1 E3-E2
9 9 9 9 9

F Glojo1 3 4 |35 44 | R4+4R2
9 9 9 9 9

44 44 -1 7 2
F=—sov=—-50=— =— =— =0
g 9 3 21 g £ 3 Pz

A should play 1 with probability % . play 2 with probability g and play 3 never
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Solutionbank D2
Edexcel AS and A Level Modular Mathematics
Exercise D, Question 10

Question:

Tzing vour answer to question 5,
a write down an initial simplex tableau to solve the zero-sum game below, for player

B,
b use the simplex algorithm to determine B s best strategy.

Eplaysl Eoplayz2 Bplays 3

A plays 1 -5 2 ]
A plays 2 1 -3 —4
Solution:
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bw | Vg | gy | g | 7|5 ¢ | value

r M-8 |-2|-1][1]o]o] 0

g 1 | =3|-7[-8|0]1|0] O

£ 011 1 1 [0]0f1 1

P -1[ 0 ojojol 0

b

bw | ¥l e | gy | g5 | 7 | 8]|¢|value | Row operations

Vol -8 -2 -1 1 ]0]J0] 0 |R2+1

g 0l&)|-s|-7|-1[1]0] 0 |R2-R1

¢ ol 1 1 o)1 1 E3 no change

2 0|-8]-2]-1] 1]0j0|] 0O [ER4+ER1

b | Fl g | g e P g value | Fow operations

¥ 10|18 (=25 (-1) 310 0 |R1+5R2
2 % 2] 2

o |01 -3 = | SE| il 0o 0 [R2=6
& & 6 6

¢ oo 11 By 1= 1 R3-R2Z
£ & 6 | 6

i 0l o 18| 23| -1 3 ]0] 0 |R4+5R2
2 2 2] 2

bw | Flag | gy | g | s £ | value | Row operations

R ) P2 B D) R o o
13 13 [ 18 ), 18 2

q |Op 1|2 0 T T g Trs
13 13 (13| 13 | 13 &

o OO T L[5 & |gi3
13 13 [A3| 13 | #13 6

PO 0|2 [0 529 & |arps
13 13 11313 13 2

69 69 17 7 &

13 B 1 ks A BT

E should play 1 with probability 1?—3 play 2 never and play 3 with probability 16—3

© Pearson Education Ltd 2C

file://C:\Users\Buba\kaz\ouba\d2_5 d 10.f

Page2 of 2

3/11/201.



Heinemann Solutionbank: Decision Mathematics :

Solutionbank D2

Edexcel AS and A Level Modular Mathematics

Exercise D, Question 11

Question:
Eplaysl EBplays2 EBplays =
A plays1 =5 4 1
A plays 2 3 -3 2
A plays 3 1 -2 -1

TTzing vour answer to question 2,

a write down an initial simplex tableau to solve the zero-sum game, for player A,

b uze the simplex algorithm to determine A's best strategy.
TTzing wour answer to question 6,

¢ write down an initial simplex tableau to solve the zero-sum game, for player B,

d use the simplex algorithm to determine B's best strategy.

Solution:
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bv | V| p | Py | 2|7 |6t |u]|value
r O] -1 [-8[-7][1[0]Jo]0] O
g 1| -10 -3 4 ]0]1[0j0] O
£ 1 | =7 |=8|=5 |0 )01 [0f O
u 0 1 1 1 10j0j0]1 1
P -1 0 01 0 [oj0j0jof 0
b
bv |V oy | pe | 25| 7 | 5|2 || value | Row operations
ol =1 =R =7 T jofofo] 0 El+1
s |[0[=9[(6)] 3 [-1{1[0[0] O |R2-RI
¢ Of=6] 1] 2 [=1]0]1[0] O R3-R1
1 of 1 1 1 ojofo]1 1 E4 no change
= Oifil | =80 =R ) Gt | @) 0f0f 0 o R
bv |V ||l B8 " g | ¢|u|wvalue | Row operations
Vo280 5111 310700 0 R1+9R2
2 2 2 2
po (0| =3 (101 | =1] 1 10p0 0 k2-¢6
2 2 b 6
¢ Ol =2 |1 Q|3 | =3 |=L| LB @ R3-R2
2 2 6 6
u 0 01 & [ | SLula 1 E4-E2
2 & &
P 0|l =22 (0| 5| -1/ 3(0[0] O R5+3R2
2 2 2 2
bv [V oy | Py | 25| 7 g | value | Row operations
IO [ 2 [Z 12 P12 2 [rieline
5 |13 [ A5 5 5 2
p; |0( 0|14 1) 11013 3 | ros3Ra
5 |15 |15 4 5 2
C 000 [ 2| B[ [T 8] 2 |rarina
e [=loy |LE 3 J 2
p |01 0 l l '_1 0 E E R4+E
& |18 | A 5 5 2
PO 2 [Z1E 022 [rorne
2 |15 )13 J J 2
=1 2 3
=— gsoyv=—-6=—, =_ =_ =)
5 P 5 Py 5 3
; m
A should play 1 with probability 3
A should play 2 with probability %

A should play 3 never
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bwv. | V| g | gy | g5 | 7| 6| | u|value
y (D -1o0]-1]-4]1[0]0[0] O
g 1| =2 |-8|-3[0[1]0]0O] O
t 1| =4 | =7 =6[0[0]1]0] O
u 0 1 1 1 [0]0]0]1 1
F -11 0 O | 0 ]J0jO[0]0O] O
d
by || g, | gy | g | r |&|¢|u|value | Row operations
Vol -1wj-1|-4]10/0j0| 0 Rl=1
s |o](@® [-7[ 1 [-1]1]0Jo] 0 [R2-Rl
¢ 0] 6 |=6]-2]-1]0]1]0] O R3-R1
& ol 1 1 1 ojofo]!l 1 R4 no change
F Oj-10|-1]-4] 1 |]0[0]0O] O R5+ER1
b |Vl g | a4 s r g | ¢ value | Row operations
ol o] =3 -11|(=-1] 5 (0]0] O R1+10R2
4 4 4 4
q [01] 1 (=11 1 10j0@ 0 Ré+8
g g g g
£ o0 =3 | -11|=-1]-3(1|0]| O R3-6R2
4 4 4 4
u 010 @ 7 1 | gl fale] il 1 R4-R2
8 8 8
F |0l 0] -8 -11[=1] 5 [0]0] 0O E5+10R2
4 4 4 4
bv. (Vg |a.| a: | 7 g |t| u |walue | Row operations
IR HIEBEIREY
J J J 2 2 4
- v O = I P - A < 7 R2+?R4
15 | 15] 15 15 13 8
£ 0] 0] 0] [T 2 (1] 2] & |rsslra
5 3 3 5 13 4
A i o I T 11 -1(0] 8 8 R4+15
15 | 15 ] 15 15 15 8
P 0[0] 0] 3 [2[3[0]2] 2 |55,
5 5 2 e 5 4
26 26 1 7 8
fFe—,s0 v=—=5== =— =— =0
5 5 d 15 d3 15 g3

E should play 1 with probability 1?—5

B should play 2 with probability 18—5

E should play 2 never
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Solutionbank D2

Edexcel AS and A Level Modular Mathematics

Exercise D, Question 12

Question:
Eplaysl EBplays2 EBplays =
A plays1 -3 2 -1
A plays 2 -1 -2 1
A plays = 2 —4 -2

TTzing wour answer to question 3,
a write down an initial simplex tableau to solve the zero-sum game, for player A,

b use the simplex algorithm to determine A's best strate gy,

Tzing vour answet to question 7,
¢ write down an initial simplex tableau to solve the zero-sum game, for plaver B,

d uze the simplex algorithm to determine B's best strategy.

Solution:
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bv | V| oy |2y | B | 7|5 |u|value
r (] -2]-4|-7|1]o]oja] o
g L [ =7 |-=3[-1|0]1[0f[0] O
H 1 |-4|-6|-3|0j0|1|0] O
u D1 1 1 [0j0jo]1 1
Fol-l D0 J0j0j0jo] 0
h
by | F| gy | Py | B | 7 | 8|2 || value | Row operations
Vo1 =247 1(0j0j0] 0 |RI+1
g 05| 1| |-1][1]0[0] 0O |R2-R1
£ oO|-2|-2]14 |-1]0]1|0| 0 |E3-EI
N o1 1 1 ojofo]1 1 E4 no change
F 0|24/ 1]0j0|0] 0 |E5S+ERI
b | V| m 7. |aBE| g | £ | u|value | Bow operations
Vol 42170 =1 7 |0(0p 0 R 1R
& & & &
w0 =2 1 1] -1 1 (00 O R2-¢6
£ & £ &
¢ o (4 780 | 0 el |28 | Tl O E3-4E2
3 3 5| B
u o 11 5 o1 | =-1j0f1] 1 RE4-ER2
6 6 6 | 6
ool 47|17 0| -1 7 (0]0] O E5+7R2
& & & &
b TF| 20 oy | 2% F ¢ | u|walue | Eow operations
0 [T [0 [ [ 2[4 [0] 0 | g4
2 8 4 8 &
i N e e RIE 1 R2+2R3
2 8 4 B &
|01 ]2 0|1 =13 |00 R3+i
4 2 4 3
WO 0s py B B, | 2 | B R4-1lg3
B 4 8 &
PO O[22 0 [0 | 0 4T[0 O | masflns
2 8 4 8 &
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bows | U | s [ F & 4 2 | walue | Bow operations
O[O0 [T 2 7] 7 | zieliea
9 3 9 9 9 9
YRR R DR Y ) o] E R2+-R4
£ 6 3 i 2
pi | O i | 0 |50 1] -1 5 4 4 E34+2E4
E 36 9 9
py |00 10O 5 1] =11 2 2 s 9
36| 6 36 9 9 2
PO O[04 L] 2 37| 3 | gosling
8 3 9 9 9 2
= =7 -8 4 2 3
F=—ssov="—-0=— =— =— ==
3 3 3 B 5 P 9 P 9
A should play 1 with probability i
9
A should play 2 with probability g
A should play 3 with probability ;
c
bv | Ve |a, ]| a: | 7| 5| £ x| value
r (M| -6]-1[-4]1]0]0]0] ©
g 1|4 =5 -=z|0]1]j0j0] 0
¢ 1 |1 |- |-aj0j0j1(0f 0
# 0|1 1 1 |jojojo]1 1
B -1] 0 0 O jojojojol o
d
bw |Vl gy | gy | g5 | 7 | 5]|¢]|u|value | Eow operations
'd 16| -1|-4] 1 [0]0]D 0 E1+1
g Dl 2 |4 2 [-1]1[0]0 0 RZ2-R1
¢ 0 @ -6 | =1 -1|0|1|0 0 E3-E1
54 of 1 1 1 ojofo]1 1 E4 ne change
£ Dl-6|-1]|-4] 1 |0[0[D 0 E5+E1
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b | F g | a4 e Fole| ot value | Row operations
110 =41 =26 | =10 & 0 E1+6ER53
5 5 5 5
g L 12 =211 =210 0 E3-ZEZ
3 o 5 o
4 o] 1 —_6 —_] —_1 0 l 0 0 Es+-5
5 5 5 5
i o]0 1 & 1 |0 =111 1 FE4-E3
5 5 5 5
F Ol ol =41 -261-=-110| & |0 0 E5+6E3
5 5 5 5
bv [ g | g | g5 ols| 2 | value | Eow operations
[ 1100 -
S E [0 2 [2] 4| nip20pg
111 11 11 ] 11 11 5
S G— | Bleale || & B2 +2R4
11 11 ] 11 11 5
e |0 1[0 2| L P A (8 | B R34+ R4
111 11 11 | 11 11 5
m O[O T 6 [ 1[0 5[ 5| pall
11| 11 1 11 11 5
N I I ) R Y T R
11| 11 11 ] 11 11 5
bw | ¥ gyl s | s r 5 i i value Fow
operations
BB EE
9 9 3 9 9 11
g |0 0|0 1| =511 -1} 2 2 R2+36
36 | 36 & 9 g 11
g 305 & [5G |58 | =1 (59 1 4 4 R3—5R2
36 | 36 & g g 11
g, |0 0] 1]0 1 =11 0 1 1 R4—6R2
£ & 3 3 11
PIOJO[ 0[O0 22T 5| 5 | rsrlrs
4 4 3 9 9 11
| 325 sov—35—3—8 4 B 2
3 3 d1 3 4 3 g3 9
E should play 1 with probability i
g
E should play 2 with probability ;
E should play 3 with probability S
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Exercise E, Question 1

Question:

A two-person zero-sum game 18 represented by the following pay-off matriz for player
L Findthe best strategy for each plaver and the value of the game.

Solution:
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Eplays 1 | B plays 2 | Eow min
A plays 1 4 -2 -2 —
A plays 2 -5 & -5
Column maz 4 &
T

Mo stable solution since 4 = —2 (column minimax # row tnazimin)
Let & play 1 with probability p

So b plays 2 with probability (1—p)

IR plays 1 A's expected winnings are 4p—3(1-p)=2p -5

IfE plays 2 A's expected winnings are —2p+6{1—-p1=6—-8p

A Expected
6 winnings Bp-0=6-8p
17p =11
p= 11
4 9p—5 17
A should play 1 with
s ]
robability —
2 B ¥ 17
A should play 2 with
0 probability %
P10 Pl The walue of the gatne to 4 is
14
—2 6 - 8p 17
4
6

Let B play 1 with probability ¢

Let B play 2 with probability (1—g)

If & plays 1 B's expected winnings are —[dg —2(1—g)]=2 -6y
If & plays 2 B's expected winnings are —[-3¢+6(1-g)]=11g -6

file://C:\Users\Buba\kaz\ouba\d2 5 e 1.t 3/11/201.
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Expected

6 | winnings
4
2
0

g0 I

-2
-4

© Pearson Education Ltd 2C
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llg-6

2—6g

lg-6=2-6g
17g =8
_ 8
T

E should play 1 with
.. oB
robability —
|5 v 7

E zshould play 2 with
8
robability —
P i 17

The wvalue of the game to B i
—-14
17
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Solutionbank D2
Edexcel AS and A Level Modular Mathematics

Exercise E, Question 2

Question:

EBen and Greg play a zero-sutn game, represented by the following pay-off matriz for
Een.
Greg plays 1] Greg plays 2 Greg plays 3

-5 4 3
1 -1 —4

Ben plays 1
Ben plays 2

a Ezplain why this matriz might be reduced to
=5 3
1 —4‘
b Hence find the best strate gy for each plaver and the value of the game.

Solution:
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a Column 2 dominates column 2 (since 3= 4 and —4 <-1)

h
Aplay 1 | Aplay 2 | Eow min
Eplays 1 -5 3 =0
Eplays 2 1 —4 —d —
Col max 1 2
T

since 12 —4 (column minimax £ row

Let & play 1 with probability p

So b plays 2 with probability {(1-p2)

ITE plays 1 A's expected winnings are
ItE plays 2 A's expected winnings are

A Expected
B winnings Tp—4
0
PT P
-2
4 \
-6

Let B play 1 with probability ¢

Let B play 2 with probability (1—g)

1 - 6g

tnaxitnin) game i3 not stable

=Sp+l{l-p)=1-6p
ip—4l-p)=Tp-4

Tp-4=1-6p
13p =5
A
T

A zhould play 1 with probability
5

13

A should play 2 with probability
8

13

The walue of the game is %

If 4 plays 1 B's expected winnings are —[—2g+3{1—g)]=8g -3

It A plays 2 B's expected winnings are —{g—4(1-g)] =4-5g

file://C:\Users\Buba\kaz\ouba\d2 5 e 2.t

Page2 of 3

3/11/201.



Heinemann Solutionbank: Decision Mathematics :

6

Expected
winnings

B

b

o
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Bg -3

4 -5¢q

Hy—3=4-5g
13¢=7
L
13

E should play 1 with probability L

E should play 2 with probability :

The walue of the game 1z %
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Exercise E, Question 3

Question:

Cait and Georgi play a zero-sum game, represented by the following pay-off matriz
for Cait.
Georgl playzs 1 Georgi plays 2 Georgi plays 3
Cait plays 1 -5 p 3
Cait plays 2 1 -3 —4
Clait plays 2 =7 0 1

Identify the play safe strategies for each player.

Verify that there is no stable solution to thiz game.

¢ Tze dominance to reduce the game to a 2x3 game, explaining your reasoning,
d Find Cait's best strategy and the walue of the game to her

e Write down the value of the game to Georgi.

oo

Solution:

file://C:\Users\Buba\kaz\ouba\d2 5 e 3.t

Pagel of 2

3/11/201.



Heinemann Solutionbank: Decision Mathematics . Page2 of 2

Gplays 1 | Gplays 2 | Gplay: 3 | Eow min
C plays 1 -5 2 3 -3
C plays 2 1 -3 - -4 “—
C plays 3 = ] 1 =7
Column tnax 1 2
T

a Play safe: Cait plays 2 Georgi plays 1
b 12 -4 (column minimax # row mazximin) 2o no stable selution

¢ Fow 1 dominates row 3 (since —5=-7 2>0 3=1)

Gplays 1 | Gplays 2 | Gplays 3
i plays 1 -5 2 3
Z plays 2 1 -3 -4

d Let Cplay 1 with probability p
2o Cplays 2 with probability (1-p)
IfGplays 1 C's expected winnings are —2p+1{1-p1=1-6p
If Gplays 2 C's expected winnings are 2p—3{1—-p1=5p -3
If Gplays 3 C's expected winnings are Sp—4{l-p)=Tp -4

Expected
4 ' winnings Tp—4=1-6p
13p =5
, )
2 P 13
™ Cait should play 1 with
W

L5

robability —

P ¥ 13
Cait should play 2 with

Pty
| "B .y -
robability —
., F ¥ 13

o
Optimal :
solution \ Cait should play 3 never

™ The walue of'the game iz %

[ =

\I

1 - 6p

6

e The value ofthe game to Georgi is %

© Pearson Education Ltd 2C
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Exercise E, Question 4

Question:

A two person zero-sum game is represented by the following pay-off matriz for player

A
EBplaysl Eoplayz2 Bplays 3

A plays 1 2 ! =3
A plays 2 -2 1 4
A plays = -3 1 -3
A plays 4 -1 2 -2

a Werify that there iz no stable solution to this game
b Ezxplain the circumestances under which arow, x, dominates a row, ¥
¢ Eeduce the game to a 3 %3 game, explaining your reasoning.

d Formulate the 3 =3 game as a linear programming problem for player & “Write the

constraints as inequalities and define your variables

Solution:
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a
EBplays 1 | Bplays 2 | B plays 3 | Eow min

Aplays 1 2 -1 -3 -z

A plays 2 -2 1 4 -2 “—
A plays 2 -3 1 —3 -3

A plays 4 -1 2 -2 -2 “—
Colutnn max 2 2 4

T T

since 2= —2 (column minimax 2 row maximin) there 1z no stable solution.

b & row x dominates a row ¥, if, in each column, the element in row x 2 the element
i row v,

¢ Fowd domuinates row 3

Eplays 1 | BEplays 2 | B plays 3
A plays 1 2 -1 -3
A plays 2 -2 1 4
Aplays 3 -1 2 -2

d Add4dto all elements

EBplays 1 | BEplays 2 | B plays =
A plays 1 & 3 1
A plays 2 2 3 8
A plays 2 3 6 2

Let & play 1 with probability 2
Let A play 2 with probability p,
Let A play 3 with probability py
Let the value of the game to Abevse ¥ =v+4
MWazimise P=1
Subject to:
Gp +2p,+Ep 2V
3p +op, +hp, 2
P tep,+2p, =

ptptp =1

© Pearson Education Ltd 2C
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Solutionbank D2

Edexcel AS and A Level Modular Mathematics

Exercise E, Question 5

Question:

A two person zero-sum game is represented by the following pay-off matriz for player

A
Eplaysl Eoplayz2 Bplays 3

A plays 1 ] -1 1
A plays 2 -1 —4 4
A plays =2 3 -2 -1

a Identify the play safe strategies for each player.
b Verify that there iz no stable solution to this game.
¢ TTze dominance to reduce the game to a 3% 2 game, explaining your reasoning.

d Write down the pay-off matrix for player B
e Find B's best strategy and the value of the game.

Solution:
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Page2 of 2

Eplays 1 | Bplays 2 | B playz 3 | Eow min
A plays 1 ] -3 1 -3
A plays 2 -1 — 4 —4
Aplays 3 3 8 -1 -1 —
Column max 3 8 4
/]\

a Play safe (4 plays 1, B plays 2)

b Zince 22 -1 (column minimax # row maximin) there 13 no stable zolution

¢ Column 2 deminates column 1 (-3 <=35,-4 <-1,2 = 3) B would always choose to

minimise &'s winnings by playing 2 rather than 1

Eplays 2 | B plays 3
A plays 1 -3 1
A plays 2 —4 4
Aplays 3 2 -1
d
Lplays 1 | Aplays 2 | Aplays 2
Eplays 2 i 4 -2
Bplays 3 -1 —4 1

e Let B play 2 with probability p
o B plays 3 with probability (1-2)
If A plays 1 B's expected winnings are Jp—-1{1-pi=4p -1

If & plays 2 B's expected winnings are dp—4{l—-pi=8p -4

If & plays 3 B's expected winnings are —2p+1(1-pi1=1-3p

Expected
4 winnings & —4
// ap -1
..-""-'F‘.
. ol
2 7
/"’f. 4
- - A
-h'“"--u.__ -~ rd
0 e s
.P B ” ..____-"') Erne ‘n = 2 ]
.-"'-'/.f = e,
2 / Optimal ] 1 3p
solution
—4 /

© Pearson Education Ltd 2C
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sp—4=1-3p
11p =5
5
P

B should play 2 with probability 15—1
E should play 2 with probability %

The value of the game is T—;
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Exercise E, Question 6

Question:

A two person zero-sum game is represented by the following pay-off matrix for player
A
Eplaysl Eplays2 B playss
A playsl 2 7 -1
A plays2 ] 0 &
A plays3 -2 3 ]

Tdentify the play safe strategies for each player.

Werify that there is no stable solution to this game.

Write down the pay-off matrix for player B

Formulate the game for player B as a linear programming problem. Define your
variakles and write vour constraints as equations.

e TWrite down an initial tableau that you could uze to solve the game for player B,

=TRLr I = -

Solution:
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Bplays 1 | Bplays 2 | B plays 3 | Eow min
A plays 1 2 7 -1 -1
A plays 2 ) 0 a 0 —
A plays 3 -2 3 ] -2
Column max 3 7 8
T

a Play safe iz (4 playsz 2, B plays 1)

b Since 52 0 {column minimaz # row maximin) there 1z no stable selution

Aplays 1 | Aplays 2 | Aplays 3

Eplays 1 -2 -5 2
B plays 2 =7 0 -3
B play: 3 1 —B -5

d Adding #to all elements
Aplays 1 | Aplays 2 | Aplays 3

B plays 1 7 4 11
EBplays 2 2 9 )
Bplays 3 10 1 4

Let B play 1 with prebability py, play 2 with probability p, and play 3 with
probability g

Let v=value ofthe gameto B and =+ +8
Mamimise F ="
subject to:
T +2p, +10p, 2V =2V -"Tp —2p, —10p,+r =10
dp+8p t =2V = V-dp —%p,—p,+s =0
1p +6p,+dp 2V =2 V-11p—6p, —4p,+t =10
ntptpsl=ptetptu =1
where py, 2o, 75, P 50 = 0

bv | | B B E |r|s]|t]|u]| value
r 1| -7 | -z|-10]1|0]0|0 0
g 1 -4 -9 -1 |0f1|0]0 0
i 1 |11 -6 =4 |Of0]1]0 0
t ] 1 1 1 ojojo)l 1
F -1 ] 1] ] glofofo 0
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Exercise A, Question 1

Question:

The diagram shows a capacitated directed networle. The number on each arc represents
the capacity of that arc. The numbers in circles represent an initial flow pattern

a Find the values of w, x, y and z, explaining your reasoning.

b State the value of the initial flow.

¢ Identify two saturated arcs.

d Write down the capacity of arc BD

e TWhat is the current flow along route 3 AT?

Solution:

a Flowinto B=flow outof B w=273
Flow into A=flowoeutof & x= 4
Flow into E=flow outof E » = 4
Flow into D =flow eut of D 2z =13

Feazible flow =28

CE and ED are zaturated

ED has capacity 8

Along SAT the current flow 13 8

- B~ B —

© Pearson Education Ltd 2C
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Solutionbank D2

Edexcel AS and A Level Modular Mathematics

Exercise A, Question 2

Question:
A 9 (9) C
o 2 13 (11
] 2':”;-'/ " _
A Al =1
/_/"'? : 3 -r.-:-- a3 _r';-r
S8 = B .." R ,I{ZJ."".
9 20(14) D™_ 7~ ol
!‘(‘“\ x*‘ﬂl:“‘l. “_._1,
2 e > > ®
B 1513 1

The diagram shows a capacitated directed networl. The number on each arc represents
the capacity of that arc. The numbers in circles represent an initial flow pattern.

a Find the values of w, x, ¥ and z, explaining your reasoning.

b State the value of the initial flow.

¢ Identify two saturated arcs.

d Write down the flow along arc 5D

e TWhat iz the current flow along the route SEET?

Solution:

a Flowinto A=flowoutof & w=25

Flowinto E=flowoutof E x =3

Flow into C=flow outof & » =2

Flow into D =flow outof D0 1d=y+x+2=14=2404+z=2z="7
b Feaszible flow =38

¢ BE and AT are saturated
d Flow along SD is 14

e Flow along SBET =135

© Pearson Education Ltd 2C
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Solutionbank D2
Edexcel AS and A Level Modular Mathematics

Exercise A, Question 3

Question:

10 ()

The diagratn shows a capacitated directed network. The number on each arc represents
the capacity of that arc. The numbers in circles represent an initial flow pattern,

State the source vertex

State the sink vertex,

Find the values of w, x, v and z, explaining your reasoning.

State the value of the feasible flow.

Identify three saturated arcs.

Write down the capacity of arc FB.

s T - T — PR T — - 1]

Solution:

a Source vertex 1z F

b Sink wertex iz C

¢ Flowinto A=flowoutof & w=2%
Flow into B=flow outof Bz =3
Flow into D=flew outof I ¥ =20
Flow into G =flow out of G =4

d Feasible flow =27
e Zaturated arcs are AC, FC, FG

f Capacity of FE 15 8

© Pearson Education Ltd 2C
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Exercise A, Question 4

Question:
.
5
R 5
Al2 o
S
7 60 @ '
Ae— % ! 11
5 \\ f-___,-' | ‘MHH\i{\l?\I II \I_-EI
"" et |
- T -
B (@ 9
l” H.\HH‘H | -"'Jf (7
® e 107
E

The diagram shows a capacitated directed network. The number on each arc represents
the capacity of that arc. The numbers in circles reprezent an initial flow pattern.

State the source vertex

State the sink vertex

Find the values of w, x, ¥ and =z, explaining vour reasoning.

State the value of the initial flow.

Tdentify four saturated arcs.

Write down the flow along arc FC.

L T - B — PR T — - ]

Solution:

a Source vertex is E
b Sink wvertex iz C
¢ Flowinto A =flow out of A

w=23
Flowinto B=flow outof B x =3
Flow into G=flowout of G »=4
Flowinto D=flow out of D =z =3

d Feasible flow =20

e Saturated arcs are BA, ED, DG, GF
f Flowalong FC=11

© Pearson Education Ltd 2C
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Exercise A, Question 5

Question:
A s D
P = > e
o P §
/f"" s _ &
S e AS e 6w
"'\.‘_“\ - {.
i
20 -
\\\H 2 -
L= . ]
B 10 E

The diagram shows a capacitated directed networle. The number on each arc represents
the capacity of that arc. Find a feasible flow of at least 20 through the network from 3

to T.

Solution:

For example

A 5
5 5 d
: 75
S 5 v .
C
15~ 70
o Pl -
B 10

© Pearson Education Ltd 2C
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Exercise A, Question 6

Question:

The diagram shows a capacitated directed networle. The number on each arc represents
the capacity of that arc. Find a feasible flow of 32 through the networtk from 5 to T

Solution:

For example

There are many

-----._____:__:‘[?_ ) [ other selutions.
; =874
"
- --'-_--:7_- B
"‘;_:_—.r-'"' 20
E

© Pearson Education Ltd 2C
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Exercise B, Question 1

Question:

The diagram shows a capacitated directed network. The number on each arc represents
the capacity of that arc. Where relevant, the numbers in circles represent an initial
flow pattern. Evaluate the capacities of the cuts drawn.

: = L
! A 11 C il
'-,A,,/."HH__ > ..‘ o 19
] e A O
.--'f .-H"‘m,_ bbb I T
s Pl e e
' R o
G‘“n_ R el
n,. . "--..‘__*.__,..
B 4 D
G ] [

Solution:

Cut C; =18+8+10+4=41
Cut C, = 20+7+20=47

© Pearson Education Ltd 2C
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Exercise B, Question 2

Question:

The diagram shows a capacitated directed network. The number on each arc represents
the capacity of that arc. Where relevant, the numbers in circles represent an initial
flow pattern. Evaluate the capacities of the cuts drawn,

¥ -
&3

'}/ ,-""-‘ -‘-"-x - -'-"L-H*""-h
et e SERE
- T
S Y3 ) i - .

Solution:

CutC; =7+8+4+15=539
CutC, =15+3+16 =34

© Pearson Education Ltd 2C
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Exercise B, Question 3

Question:

The diagram shows a capacitated directed networle The number on each arc represents
the capacity of that arc. Where relevant, the numbers in circles represent an initial

flow pattern. Evaluate the capacities of the cuts drawn,

C, c G : Cs
A ) Y ] h
- ' .”] e
4] .f___.- 2 e - T v ___,_p--'_
” 20 — 45
S @ : 4 _’_.-""'“ Pl [_} ] h
:__rL? e ) ___.,_'_I._.u-' 10 . “ )
a__.__...--;--. .-_. . A :-_‘-\‘-
B T ~A 15 e G
¢ 3 e 0
i E C,
C;
Solution:

Cut C; =15+45+18+15+10=103
Cut Cp =15+10+20+104+15+8="78
Cut C; = 204+454+154+15+65=106

© Pearson Education Ltd 2C
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Exercise B, Question 4

Question:

The diagram shows a capacitated directed networl The number on each arc represents
the capacity of that arc. Where relevant, the numbers in circles represent an initial
tlow pattern. Evaluate the capacities of the cuts drawn.

Ce . G
v 14 [ Tu X .
- AT > .
29| S |~ 1@
30 ,_f/ e g — %
.-,-"J e v I.el—:{_ | _( ,:. :y
S & A 4L 1&.% = Y76 ’___J-*
" ' s . .
185 e 25 @3
] 16, ~g > B §
C. W 18 17 3
hd ) S
Co
Solution:

Cut G = 14414 +44+18=50
Cut G = 24414 +4 +18=60
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Exercise B, Question 5

Question:

The diagram shows a capacitated directed networle The number on each arc represents
the capacity of that arc. Where relevant, the numbers in circles represent an initial
flow pattern. Evaluate the capacities of the cuts drawn.

Solution:

Cut Cp = 16+16+4+25=61
Cut €y, = 30+ 6+23+10 =69

© Pearson Education Ltd 2C
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Exercise B, Question 6

Question:

The diagram shows a capacitated directed network. The number on each arc represents
the capacity of that arc. Where relevant, the numbers in circles represent an initial
flow pattern. Evaluate the capacities of the cuts drawn.

Solution:

Cut Cp = 30+324+15+30=110
Cut Cp = 204+50+154+35=123
Cut O = 20+154+8+15+10+18+14 =100
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Exercise C, Question 1

Question:
A 17 C
- & =
13/” » {,x’f’f S i :
’_,-*"f ,-"’/ “*u,_:;. T
S 6 A ’/'/ r & e
“\\ ~" 10 L
15 ‘Hx = Pl
b, > o
B 9 D

The diagram shows a capacitated directed networle The number on each arc represents
the capacity of that arc.

a State the maximum flows along SACT and SBCDT.

b Show these on a diagram.

Tzing this as vour initial flow,

¢ calculate the value of the initial flow.

Solution:

a maxflow aleng SACT =13
max flow aleng SECDT =&

b A 13 6
13~ ,,.f’/# H.'M'M.QH
sr"'/ﬂ/ A0 f"f”fﬁ Y8 HH"“‘tn T
R"'&.__M //’,x’ 9 ’___,.-f
§ h e ~78
B 0 D

¢ Value of initial flow =21
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Exercise C, Question 2

Question:
U 14 X
- o
“H,_H &“‘x
18 s e 12
1"“—»_\__\_ A 5 H\
C V 20 s -
" 19 2 el o
- - - T - » T
il [
e 14 e _f,,,--”’{
| ? \ #_;_r,.,- ] 5 ‘_____,.e 24
¥ﬁ'____+____‘._/'
W 20 7

The diagram shows a capacitated directed network. The number on each arc represents
the capacity of that arc.

a State the maximum flows along STUXT, SWET and 3WVWT T

b Shoew these on a diagram.

TTzing this as your initial flow,

¢ calculate the walue of the initial flow.

Solution:

a tax flow along STTHT =12
max flow along SWZT =17
tnax flow along SVIWTT =11

h U 12 X
— > >
= 0 A0 xxﬁ“!g,m
i o~ . S
<T} | L
‘\H\ Vi !_d_ra-l"i' — Y :] ~ -
e < - e
W 17 e

¢ WValue of initial flow =40
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Exercise C, Question 3

Question:
E 18 G
> * .
12 / \ T iil
g T
~ T
s T
S ti\\ 420 ~al0 5 -
_J'.-—"'
;;H \M&‘ P - 25
\. . m.x"
F 17 H

The diagram shows a capacitated directed networle The number on each arc represents
the capacity of that arc.

a Oiven that arcs 3E, EG, EH, FH and HG are saturated, draw an initial flow through
the networle.
b State the value of the initial flow.

Solution:
4 E 18 G
5 e ..
li R H"‘MR 23
et g e
g __,p-""f A6 Y 0] [5] E‘H\x T
- . T .
T e T = -
F 12 H

b Value of iatial flow =45
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Exercise C, Question 4

Question:
A 1:5 D
)
2 2
34

The diagram shows a capacitated directed networle The number on each arc represents

the capacity of that arc.

a Given that arcs 5B, BA, BD, CE, CF, EF and DG are saturated, draw an initial flow
through the network.

b Ztate the value of the imitial flow.

Solution:
a A 12 D
e
-/f’ - Hx"*-\-.._‘x 7
5 .« [ e Sy
/5,1‘ \ P ~T Jl[} '““-\H._.R
4 Pl E 12 N
e SR
» -__-" I --'d-r"
M.."‘\b'\ il_lj d__.;.rf-. -.lj,- F‘ ._.-.-7!'-'-—
28, s | ~ 23
. - - |
. - &
C - |
b

b Value of initial flow 57
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Exercise D, Question 1

Question:

The diagramn shows a capacitated, directed networle. The capacity of each arc 13 shown
oft each arc. The numbers in circles represent an initial flow from S to T,

a Starting from the initial flow, uge the lakelling procedure to find a maximum flow
through the netwaorle You tmust list each flow-augmenting route you use together
with its flow.

b Draw your final flow pattern and state the value of your mazimum flow.

96 e

A
M \.\ ﬁ@

T AT
.-f"';// %------1"“'----. \
Iy "'---q_,_q__
S / LI G} = 12/ ) ;-_D 2} > T

x B .
‘MHA.,M i’ ’F _-: -
_'__-""--_F-- "} k?-"l {
30 20 R“‘“-c"—'_::—— | "
- ——————l-——————————— ‘./
10 40) E
Solution:
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For example (there are many other combinations of flows possible)

SBADT -5
SADT -2
SBDT -2
b C
.
6 -
.ﬂ"j-‘:r#_
K _smt™ 6
j__fﬁj'f - HH“‘&_—.&E Kx“‘x
Se X =
e S .F-F"f-; ”{
“‘-i.q__h _ﬁ'
27 e Y [ 9
B ‘
— “"‘““m__h 1
10 T~
E

Value of maxmimum flow 15 34
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Exercise D, Question 2

Question:

The diagratn shows a capacitated, directed networkes. The capacity of each arc 13
shown on each arc. The numbers in circles represent an initial flow from S te T

a Starting from the initial flow, uge the lakelling procedure to find a maximum flow
through the network You must list each flow-angmenting route you use together
with its flow.

b Draw vour final flow pattern and state the value of your maxzimum flow.

1419

—

Solution:
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For example(there are many other combinations of flows possible)

SNET =4
SMET =3
BWTXT -2
h

Walue of maximum flow 15 38

© Pearson Education Ltd 2C

file://C:\Users\Buba\kaz\ouba\d2_ 6 d 2.t 3/11/201:



Heinemann Solutionbank: Decision Mathematics :

Solutionbank D2

Edexcel AS and A Level Modular Mathematics
Exercise D, Question 3

Question:

The diagram shows a capacitated, directed networks. The capacity of each arc 15

shown on each arc. The numbers in circles represent an initial flow from 3 to T.

a Starting from the initial flow, use the labelling procedure to find a maximum flow
through the networle Yeou must list each flow-augmenting route you use together

with its flow.

b Draw vour final flow pattern and state the walue of your mazimum flow

Solution:
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"\\’9
4
—53
—1a T
A
7
‘6/1
K T N
For example (there are many other combinations of flows)
SHMT -3
SIMLT -2
SIHLT -2
h Ii M.ﬁ L
. ﬂ\ |
N Il K 12
i
12
S > &
D /);,
")
g :
K 7 N

Value of maxmmum flow 15 42
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Exercise D, Question 4

Question:
The diagram shows a capacitated, directed networks. The capacity of each arc iz
shown on each arc. The numbers in circles represent an initial flow from 3 to T.
a Starting from the initial flow, use the lakelling procedure to find a maximum flow
through the networlk, You must list each flow-augmenting route you use together

with its flow.

h Draw your final flow pattern and state the walue of your maximum flow

Solution:

file://C:\Users\Buba\kaz\ouba\d2_6 d 4.t

Pagel of 2

3/11/201:



Heinemann Solutionbank: Decision Mathematics :

A . 5 B
B - =¥ A
: - —0
/ o - T
L s D, ":. b Tk 12
- '}\," @ g i -.‘:\ \,Q
> - g 6
S =
# e
‘o e e — 11
3 —13 = — 11
3 P
Ll P e
% - ol Y
3 o ~
. Pt L3 = (o
e e ”
., T AN <
v 1_4_5;]_ ot
B E

For example (there are tmany other combinations of flow)

SACFEFT -4
SADCFT -3
SCEFT -2
SCEFT —2
SBCET -1
b TR 'S
ﬂr: / " - 4
Lkt 13 o \
= “ P 3 !}‘\\
" - k.
137 - -~ : ;‘q
-8 !-E 'H\\ v i =]
P : .~
B 5 E

WValue of maximum flow 15 56
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Exercise E, Question 1

Question:

Tze the maximum flow-minimum cut theorem to prove that the flows vou found in
answer to the questions in exercise 60 are maximal.

Solution:
C
- "'-.‘k'-
L'Ul. t;,l.-.______.-..... .
A~ ~._®
. =
k- a._l | iz
: ) Ry
Se \® 0 1
- 20 -
30 = L—"(9 o
e ~
B i 15
1 -h_'}:-__- (-_""
Saturated arcs cut 10 = --~.._'_,..-*""
are ringed. E

The diagram shows the capacity of each arc,
o by mazimum flow —minimum cuttheorem flow is maximal

© Pearson Education Ltd 2C
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Exercise F, Question 1

Question:

S8 A3 2y ) T
9 //?
—
B 3 D

The diagram shows a capacitated, directed networke. The number oneach arc indicates

the capacity of that arc.

a Tsze the labelling procedure to find the maximum flow through the networl from 3
to T, listing each flow augmenting route you use, together with its flow,

b Verify that the flow found in part a 1z maxzimal

Solution:
a f} —3 C
ol | «—0 =
B =t 2
D 210 T
il i -
S<_ T A f___.:’-l
Sy & =
[ 5 03 a-.|!.._‘__,..-"
.“%‘%...ﬂ""'-i —3 T Q
B () D

For example (many different flow combinations are possible)

SEIE =g
SR ey
=sBACDT -1
b cut
A 3 C
- ’ I‘“ 2
s< M I >
4“‘.-\% h e 5 i —~ J-_P:‘:;‘
B 3 D

cut

Minimum cut = 6 so by mazimum flew = minimum cut theorem, flow 15 mazimum.
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Exercise F, Question 2

Question:

.fg‘\

R}/ )

S ./ 2409 B,
M

% b )

14 m )

2 =
C 1242 E 20 12 H

The diagram shows a capacitated directed networle The number on each arc 1z the

value of the maximum flow along that arc.

a Describe briefly a situation for which this type of network could be a suitable
model

The numbers in circles show a feasible flow of value 29 from source = to sink T, Take

this as the initial flow pattern,

b Tse the labelling procedure to find the maximum flow through the network from =
to T. You must list each flow-augmenting route you use together with its flow.

¢ Indicate your mazimum flow pattern and state the final flow.

d Verify that your answer 15 a maximum flow by using the maximum flow—minimum
cut theorem, listing the arcs through which your cut passes.

e Forthe maxmum flow, state a property of the arcs found in d. [&]

Solution:
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a Applied Idea of flow through a system, idea of directed flow.
e.g traffic mowing through a one-way system of roads

g2 sEEHGT-6and SBEADFGT-4
orf S BADHGT-4and SCBEHT-2andBEHGT -4 etc.

¢ MMany zolutions are possible, but the following values must be given. Flows must
be consistent.

T D

W
s B g
E

d Cutthreugh 34, BA BD, BE and CE

H Final flow 15 39

e The arcs are saturated.

© Pearson Education Ltd 2C
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Exercise F, Question 3
Question:
B B E 9 G
N » e - o
7 * 4 e 10
A o 5 e
e 6 ‘ ~ 2|
s S . Y6 74 o> 95
N 40 A~ 21 . g 40
RS v 7 A v
7 ™\ R 19
< i ~3 - %
D 18 F 22 H
The diagram shows the road routes from a bus station, M, on the north side of a town
to a bus station =, on 1tz south side. The number on each arc shows the mazimum flow
rate, in vehicles per minute, on that route.
a State four junctions at which there could be traffic delays, giving areason for vour
ANSWer.
Given that AR, AT, CE, CF and ET are saturated,
h showa flow of 31 from M to 5 that satisfies this demand
¢ Taking wour answer to b as the initial flow pattern, use the labelling procedure to
find the maximum flow. You should list each flow-augmenting route you use
together with itz flow,
d Indicate your maxzimum flow pattern.
e Verify yvour solution using the mazimum flew—tninimum cut theorem, listing the
arcs through which your minimum cut passes,
f Show that, in this caze, there 12 a second minimum cut and list the arcs through
which it passes.
[£]
Solution:
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a AF Gand H, possible flow in = possible flow out.

h eg
8
31
[ 5
18
¢ UUsing labelling procedure e.g
] — : ] — 2
B oo E §g.. G
Sa Q N
/:/ 7 "“gg R‘\ =
¢ — 6 = 5 —90
redle—gl 15 690 —31 4o
S | |
RO |1
: \
N
F\gﬂ l T 02 K},\
D —9 F —=d. H
«—q «—|R
e.g
ITHI=16 If HI=17 It HI=18 ItTHI=1%

WACDFHIS -3 | NMACDFHGIS -1 | NACDFHGIS -2 | ACDFHGIS -1
NACDFHIS -2 | WACDFHIS -1 | NACDFEGIS -2

Final flow 34

d =g

eandf GIEI and HI

AB CE (EF) HG and HI
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Exercise F, Question 4

Question:

A company wishes to transport its products from 3 factories FLE and E to a single
retail outlet B, The capacities of the possible routes, in van loads per day, are shown

A
___..-".“-\\‘
8 e S~y
e ; ‘\\\ 5
— ¥ 4
F o > -y
i3 " M“"'\ ] ~
6 - 3
.-o-""'_'—-r H“"\-\.
.—-""; =
Fe | ,\;}- R
= S b | 14 I _;/
e . e o
EN'H;E,__-- P /.___.-"'
R .---______.—-"' r___ﬂ__.-P"'--
- ot
o g )

a Onthe wotksheet add a supersource 3 to obtain a capacitated networlk with a single
source and a single sink. State the minimum capacity of each arc you have added
b i State the mazimum flow along SEABE and SECE .

i Show these maximum flows on the worksheet, using numbers in circles.
Taking your answer to part b il as the initial flow pattern,
¢ 1 use the labelling procedure to find a maximum flow from 5 to E. List each flow-
augmenting route you find together with its flow,
ii Prove that vour final flow is maximal E

Solution:
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SEBE-6 SEE-4
SEBE-3 SEBR-6
e.g ore.g Total flow 30
SECRES S B CR—3
SEE-4 SEBER-3

1 maz flow—min cut theorem
ez cut BELEC ECER
{accept BELEC,SE)
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Exercise F, Question 5

Question:

The network represents a road
system through a town. The

A
> A
number on each arc represents /. P

/ ‘
the maximum number of ”‘/ 12 a 14 =

vehicles that can pass along P 4 7 12

that road every minute, 1.6, Q& . « - =

the capacity of the road. ' 54 . 12 E

a State the mazimum flow along
i SBCFIT,
i SADHT

b Show these maximum flows on a diagram.

¢ Taking wour answer to part b as the mitial flow pattern, use the labelling procedure

to find a mazimum flow from 3 to T. List each flow-augmenting route you find,

together with its flow,
d Indicate a mazimum flow.
e Prove that vour flow i mazximal.

The council has funding to improve one of the roads to increase the flow from Sto T

It can choose to increase the flow along one of BE, DH or CF.

f Making vour reasoning clear, explain which one of these three roads the council

should improwe, given that it wishes to mazimise the flow through the town.

Solution:

file://C:\Users\Buba\kaz\ouba\d2_ 6 f 5.h
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ai Flowalong S BCFIT=15
i Flowalong SADHT=14
b A diagram showing the 2 flows correctly

|
A — 14 D — 14 H

eg SADGT-1

SBDGET-12

with SBEIT-12 or SBEEGHT -9 and SBEGT -3
giving atotal flow of 54

Co ¥

e MMax flow —min cut theorem, cut through AD, BD, BE and BC or CF

f The flow inte D and into C could not increase,
so increase the flow along BE

© Pearson Education Ltd 2C
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Exercise F, Question 6

Question:

Figure 1 shows a capacitated, directed network. The number on each arc indicates the
capacity of that arc.

H
¢ < .
6 o5 15~
T o "'-A._‘_E I e ~_ |2
- - B o
. g % § A
; S D =T g o~ .
S & . > —» > —e T
. B ..~
Y {11’ G "0 : s
29 ™~ -~ - 6 E -
. :;g,z' Mg f,.f" 13
B T e —
VY el
A 4 - | 4 J
E
Figure 1

Figure 2 shows a feasible flow of value 29 through the same network.
H

& N R
5 e 5 . - ‘~
A » e S 5
g o B % x %
¥ o 3 BT 0 ) :
Q& == - & T
: e 2 B ] z
20 - 4 9 _E.l'_ 1: ; v~
B S - oo s

Figure 2
a Find the values of the flows v, w, x, ¥ and =
otart with the walues in Figure 1 and your answers to part a as yvour initial flow pattern.
h Use the labelling procedure on Figure 1 to find the maximum flow through this
networl, listing each flow—augmenting route you use together with its flow,
¢ Show the maximum flow on Figure 2 and state its value
d i TFind the capacity of the cut which passes through the arcs HT, IT and TT.
ii Find the minimum cut, listing the arcs through which it passes,
iii Explain why this proves that the flow in patt ¢ is a maximum,

[£]

Solution:
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a v=T,w=6,x=8, y=3, z=11 (conservation of flow)

h

7
Increasing flow by an additional 3
eg sBDIT(Z)
SADIT
Additional flow increase (reversing initial flow)
eg sBEJTGIT (4
SBETGIFHT(Z

Flow up to maximum {38)

Complete, consistent flow

ringed numbers (flow of 28)
d i 124158+13=43
i CF,AD, BD, EBE

i Max flow —min cut theorem - e.g.

The minimum cut separates the source from the sink. Any additional flow must cross
thiz cut at some point. Since all arcs in the minimum cut are saturated no additional
flow can be transported along these arcs. Hence no additional flow is possible.

© Pearson Education Ltd 2C
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Exercise F, Question 7

Question:

The diagram shows a capacitated, directed network. The number on each arc indicates

the capacity of that arc.

a Calculate the values of cuts &) and O,

iven that one of these cuts 15 a minimum cut,

b ctate the maxzimum flow.

¢ Deduce the flow along GT, making vour reazoning clear,

d By considering the flow into D, deduce that there are only two possible integer
values for the flow along 54

e For each of the two walues found in part d, draw a complete maxzimum flow pattern

f Given that the flow along each arc must be an integer, determine the number of
other mazimum flow patterns. Give a reason for your answer.

[£]

Solution:
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a C,-40 C,-56

b max flow = min cut =40

¢ eg Flowinto Fis 16 . flow into G iz 24 The flew along DG 2 8 0 Flow along
3T iz 24

d eg Flowinto & =flow outof & - flowalong AD =12
Flow inte D' =flow out of T =21
o flow along AD +flow aleng BD =21

o flow along AD and BD could be 1249 or 11410

. possible flows are 20 and 19

e SA=20

Qors

>

1lorl2

sh =19

10or9 — - e

g 11 orl2

f There are 2 more - CE couldbe 11 or 12 in each case, for example.

© Pearson Education Ltd 2C
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Exercise A, Question 1

Question:

Tze dynamic programming to find
a ashortest
b alongest

route from 5to T in the networl: below. State the route and its length

Solution:
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a Shortest
Stage | State Action Destination Value
1 F FT T 23"
G T T o4*
H HT T o1
2 D DF F 24+23=47
DG G 22424 =44
DH H 17+21=38"
E EF F al4+23=43
EG G 2h424 =49
EH H 204+21=471"
3 A AD D 34 4+38=72"
AE E 334+41="74
B EBD D 32438="70"
EE E al+41="72
C CcD D 30+ 38 = 68"
CE E a04+41="71
4 = oA A la+72="50
=B B 17+70=87"
20 C 20+ 68=288
shortest route SBEDHT length 87
b Longest
Stage | State Action Destination Value
1 F FT T 23*
3 T T o4t
H HT T 21
2 D DF F 24 423=47"
DG €} 22424 =44
DH H 17+21=733
E EF F 204+23=43
EG G 25 424 = 45*
EH H 204+21=41
3 A AD L 34447 =81
AE E 33+459=82"
E ED D 32447="79
EBE E 314+49=80"
Z D D A0+47 =77
CE E 30+45 =79"
4 S Sh A 18432 = 1007
=B E 17+80=597
=20 C 20479=159

Longestroute SAEGT length 100

© Pearson Education Ltd 2C

file://C:\Users\Buba\kaz\ouba\d2_7 a 1.t

Page2 of 2

3/11/201.



Heinemann Solutionbank: Decision Mathematics :

Solutionbank D2

Edexcel AS and A Level Modular Mathematics

Exercise A, Question 2

Question:

Tse dynamic programming to find
a ashortest
b alongest
route from 5 to T in the network below. State the route and its length.

Solution:
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a Shortest
Stage | State Action Destination Value
1 G T T 2R
H HT T 23
I IT T 24"
2 C CG G 19+21=40"
_H H 21425=44
D DG G 20421=41
DH H 21+23=44
E EH H 22+23=45
EI I 234+ 24 =47
F FH H 254+23=48
Fl ! 20 + 24 = 44*
3 A AC C 34440 =74"
AD D 37+41=178
AR E 35+45=80
B ED D 38+41=78
BE E 33+45=T8"
EF F 36 +44 =30
4 S SA A 14+74=88"
=B B 12+78=91
Shortest route length 15 88 with route SACGT
b Longest
Stage | State Action Destination Value
1 ) T T 21+
H HT a5 23
I IT T 24*
2 & CG G 19+ 21=40
CH H 21423=44"
D DG € 204+21=41
DH ich 21+23=44"
E EH H 224+23=45
EI I 23424 =47
i3 FH H 25423 =48
FI I 20424 =44
3 A AC C 34 4+44 =78
AD D 37444 =81
AE E 35+47 =82°
B ED D 28444 =82
BE E 33447 =80
BF F 36 +48 =84"
4 = =4 A 14482 =56
=B E 134+84=97"

Longest route length 18 97 with route SBFHT

© Pearson Education Ltd 2C
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Exercise A, Question 3

Question:

Tze dynamic programming to find
a ashortest
b alongest
route from 5 to T in the network below. State the route and its length

Solution:
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a Shortest
Stage | State Action Destination Value
1 H HT T 16"
I IC T 18
i 1T, i 17*
2 D DH H 30416 =46
E EH H 27+16=47%
EI I 26 +13=44
F dod] I 264+18=44"
FI 7 28 +17=45
G GI ij DSR4
3 A AD D 2B +46 =74
AE E 20 443=72"
B ED D 26 +46="T72
BE E 23 +43= 66"
EF F 25+44 = 69
C CE E 22443=65"
CF F 24444 =68
CG G 24+42=66
4 3 S A 26+72=98
5B B 77+ 66=593"
aC E 32 +65=97
shortest route length 15 93 with route SBEHT
b Longest
Stage | State Action Destination Value
1 H HT T e
I IT i 19
il TE T e
2 D DH H 30416 =46
E EH H 27+16=43
EI I 26+18=44"
F FI I 26 +12=44
IS} I 28+17=45
& &) I P51 =42
3 A AD D 28446 ="74"
AE E 20+44="73
B ED L 264+46=T2"
BE E 23+44 =67
EF F 25+45="T0
c CE E 22 +44 =66
CF F 24 4+45= 69"
CG G 24+42=66
3 z TL E 26+ 74 =100
3B B 27+72=299
aC @ 32+69=101"

Longest route length 15 101 with route SCEIT
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Exercise A, Question 4

Question:

TTze dynamic programming to find
a a shortest

b alongest
route from = to T in the networl below, State the route and its length
A 22 D
A - IE G
2 - T, - g .‘-. B i I
o LAy 7Aoo 20
B_~"27 B o
Q- - L —o, 15 X = |
2T a2 - Lr W
o = o _,_"'“"- £
30 B4 -
L > - 16
C 24 F
Solution:

file://C:\Users\Buba\kaz\ouba\d2_7 a 4.t

Pagel of 2

3/11/201:



Heinemann Solutionbank: Decision Mathematics :

a Shortest
Ntage | State Action Doestination Value
1 G T T i
H HT i Pl
2 D DG G 184 20=238"
DH H 174 24 =41
E EG G 15+ 20=35"
EH H 144 24 =38
F FG G 16+20=36"
FH H 16+ 24 =40
3 A AD D 22+38=60"
AE E 254+35=60"
B ED D 27+ 38=65
EE E 28+35=163
EBF F 21436 =57"
C CE E 23+35=58"
CF F 24436 =60
4 3 SA A 28+60 =288
=B B 27457 =847
el C A0+ 55 =88
shortest route length 13 B4 with route SBFGT
b Longest
sStage | State Action Destination Value
i G 5T L 20*
H HT T 24*
2 D DG G 184 20 =738
DH H 17+ 24 =41
E EG € 154 20=735
EH H 144 24 = 38"
F FG G 16+ 20=36
FI:I I_'I 16+24 =40"
3 A AD D 22+41=63"
_ﬂf ._E 25+38=63"
B BD D 27 +41=58"
BE E 28+38=66
EBF F 21440 =461
C CE E 23+ 38=61
CF F 24 +40= 64"
4 3 Sh A 2B+65=51
=B B 274+ 68=95
S0 C 20 +64 =94

© Pearson Education Ltd 2C

Longest route length 1z 99 with route SEDHT
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Solutionbank D2
Edexcel AS and A Level Modular Mathematics
Exercise A, Question 5

Question:

V.30
~ — Radio

6
The diagram shows the effect on a company's profits, in £1000's, of taking various

advertising decisions. The company wishes to create a two-vear plan that will
maximise its total profit,

Each wear they must decide if they will not advertize (INo), adwvertize through television
only (TWV), advertize through radio only (Eadie), or advertize in both media (Both).

To determine the effectiveness of the strategy the company will estimate the walue of
itz assetz atthe end of the two-year period.

Tse dynamic programming to determine the advertising decisions that the directors

should take.

Solution:
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MMaximise
Ntage | State Action Destination Value
1 E ET T 5
Azzets F FT 5 0%
G G T 20
H HT T 55
2 A AE (o) E 54+5=10
Year AF TV F -13430=17
twro
AG (Radio) G —3+20=117
AH (Both) H —16+55=3¢
E BE (o) E 25+5=720
BF TV F 34+30=33
EG (Eadio) 3 B+ 20=28
EH (Both) H —-2+55=53"
C CE (Mo} E E4+5=13
CF (TV) F =7430=23
CG (Radio) G S+20=25
CH (Both) H -4 4+55=51"
Il DE M) E 3545 =40
DF (TV) F 40430 =70
DG (Eadic) 3 204+ 20=40
DH (Both) H E+55=1461
K = S4 (Mo) A 5430=44
Year SE TV E 30+53=183
oL
SC (Radio) C 20451="71
=D (Both) D 75470=145"

The maximum profit 15 £145 000

The maximum route 18 SDEFT

In practical terms the company’s strategy 15

Tear 1 — advertise in both TV and Radio
Tear 2 — advertizse on TW only.

© Pearson Education Ltd 2C
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Exercise B, Question 1

Question:

TTze dynamic programning to find
a A minimax,
b a mazimin,

route from 5 to T in the network below. State the route and its length

A F
. 24 M
18~ D 23
/ B - 4 l-.\r‘. /~_G N I
e . X > ®
S .17 \ 2047 N 24
20™ '_':-.‘1:-."_'_'"":5 N -
S I'. = \\ p . 2E
o 30 20 T
C H
Solution:
a DMinimax
Stage | State Action TDiestination Value
1 F FT T 23"
G GT T 4"
H b iy T 25
2 I DF F Maxi{24, 251 =24
DG G Max(22, 24) = 24
DH H Max(17.21) =21
E EF: E Max(20,23) =23
EG G Max(25,24) = 25
EH H Max(20 21y =21
3 A AT il Maxi(34,211=34
AE E Max(33,21) =33
E ED D Wam(32,21) =32
BE E Max(31,21y=31"
C CcD D Blaz(30,21) = 30°
CE E Max(30,21) =30"
4 3 SA A Max(18,33) =133
=B B MWlam{17,31) =31
S0 C Max (20,305 = 30°

Ifinimax reute SCDHT or SCEHT — both of value 30
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b DMaximin

Stage | State Action Destination Value
1 F FT T 23"
G &7 T 4"
H HT T 21"
2 D LF B Min (24,23) = 23"
DG 3 Min (22, 24y =22
TH H Win{17.21) =17
E EF F Win (20,23 =20
EG G Min(25 24 = 24"
EH H Win (20,21 =20
E A AD D MWin(34,23)=22
AE E Min(33, 2 =24
B ED D Min(32,23) =23
BE E Min(31, 24y = 24"
2 D D Win(30,23)=22
CE E Min(30, 24 = 24"
4 = SA A Min {18, 24) =18
=B E WMin(17,24) =17
= C Min(20, 24y = 20"

© Pearson Education Ltd 2C

Mamimin route SCEGT of walue 20
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Exercise B, Question 2

Question:

Tze dynamic programming to find
a a minimaz,
b a mazximin,
route from 3 to T in the network below. State the route and its length.

B e 2
36 20
Solution:
a DMinimax
Stage | State Action Destination Value
1 G GT T 21"
H HT iR 23
I IT T 24*
2 C CG G blax(19,21) =21
CH H Max(21,23) = 23
D DG G Mazx(20,21) =21
DH H Max(21,23) = 23
E EH H blax(22,23) =27
EI I Max(23,24) = 24
F FH H Max(25,23) = 25
FI I Mazx( 20, 24) = 24*
3 A AC C blax(34,21) = 34"
AD D Max(37,21) =37
AE E Max(35,23) = 35
B ED D Mazx(38,21) =38
BE E Max(33,23) =33"
BF F Max(36, 241 = 36
4 S SA A Mazx(14,34) = 34
2k B Max(13,33) = 37"

Minimaz route SEEHT of value 33
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b DMaximin

Stage | State Action Destination Value
1 G &1 T 21"
H HT T 23"
I IT T i
2 C e € Min{19,21)=1%
CH H Min(21,22) =21
D DG 3 Min (20,217 =20
DH H Min(21,25)=21"
E EH H Win (22,23 =22
EI I Min(23, 2 =27
E it H Min(25,23) =27
FI I Win (20,247 =20
2 A AC C Min (34,217 =34
AD D Min (37,21 =37
AE E Win(35,23)=35
B ED D Min(38,21)=38"
BE E WMin (33, 23 =33
EF F Min (36, 247 = 36
E} = SA A MWin{14,37=37
SB B Min(13, 38y = 38"

Mazimin route SBDHT of walue 38

© Pearson Education Ltd 2C
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Exercise B, Question 3

Question:

Tze dynamic programming to find
a a minimax,
b a mazimin,
route from 5 to T in the networlk below. State the route and its length

Solution:
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a DMinimax
Stage | State Action Destination Value
1 H HT T 16"
I IT T 18"
T T T 1
2 D LH H Max(30,16) = 30"
E EH H Max(27,16) = 27
EI I Max(26,18) = 26
F FI [ Maz(26,18) = 26°
FI T Max(28,17) = 28
G GJ I NMax{29.17=25"
3 A AD D Max (28,30 = 30
AE E Max(29,26) = 29"
B ED D Max(26,30) = 30
BE E Max(23,26) = 26"
B F Max(25,26) = 26"
C CE E Max(22,26) = 26
CF F Max(24, 26) = 26
£s G Max(24,25) =25
4 S SA A Max(26,29) = 29
SE B Max(27,26)= 27"
5C e Max(32,25) = 32

Ifinimax route SBEIT or SBFIT — both of walue 27
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b DMMaximin

Ntage | State Action Destination Value
1 H HT T 16"
I IT T 18
T IT T e
2 D DH H Min(30,16) =16*
E EH H Min(27,16)=16
EI I Min(26,18) =18"
F 121 I Min(26,18) =18"
FT T Min(28, 171 =17
G Gl I Min(25,17) =17
3 A AT D Min (28,161 =16
AF E Min(29,18) =18"
B ED D Min(26,161=16
EE E Min(23,18) =18*
BE F Min(25,18) =18*
C CE E Min(22,18) =18*
CF Iz Min(24,18) =18"
CG G Min (24,171 =17
A S SA A Min(26,18) =18"
SE B Min(27,18) =18"
SC C Min(32,18) =18"

Mammin routes SAEBIT, SBEIT, SBFIT, SCEIT, SCFIT all of walue 18
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Exercise B, Question 4

Question:

TTze dynamic programming to find

a a minima,
b amazimin,

route from = to T in the network below, State the route and its length,

A 22 D
A > —— i 18 ,
- L~ ™, e 1
uk‘i’ = |'|,'-‘*‘ _ /. ___-EJ'
B g .
N > -:l-w /’/ e
N B
A > g
{—- :‘i -
Solution:
a DMinimax
Stage | State Action Diestination Value
1 € GT T 20%
H T Ik 24*
2 D DG i3 Max(18,20) = 207
DH H Maxi(17,24) =24
E EG G Max(15,20) = 20*
EH H Maxi(14,24) = 24
F FG G Max(16,20) = 207
FH H Maxi(16,24) =24
3 24 AD D bax(22,20) = 22
AE E Max(25,200 =25
E ED D Max(27,200 =27
BE E Max(28,20) =28
BF F Max(21,20) =21
C CE E Max(23,20) =23
CF F Maxi24, 200 =24
4 s SA A Maxi(28,22) =28
3B E Max(27,21)=27"
e iz Ian (30,233 =30

Idinimax route SBFGT of value 27
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b Dlaximin

Stage | State Action Destination Value

1 G GT T 20%
H HT T 24%

2 D DG G Min (18,201 =18"

DH H Min(17, 24y =17

E EG G MWin (15,201 =15"

EH H Min(14,24) =14

F FG G Min (16,201 =16"

FE H Min(16,24) =16

3 A AD D Min(22,18) =18"

AE E Win(25,15) =15

B BD D Min(27,18) =18"

BE E Min(28,15) =15

BF F Min(21,161=16

¢ CE E Min(23,15) =15

CF F Min(24,16) = 16"

4 3 S A Min(28,18) =18"

SE B Min(27,18) =18"

s @ Min(30,161=16

Maximin routes SADGT and SBDGT both of walue 18
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Solutionbank D2

Edexcel AS and A Level Modular Mathematics

Exercise C, Question 1

Question:

A company 15 created to zell holidays on an island. There are three new resorts A, B
and C being created on the island and the company decides to introduce one new
resort to its catalogue each year over the next three wears The costs of introducing
each resort will ke influenced by the number of resorts listed in the catalogue The
motre rezorts the company has listed, the smaller the cost of adding another resort. The
estimates of annual costs are shown in the table below, in hundreds of pounds.

Resorts listed | A B L
Maone &l a0 o5

A - a0 &0

E 40 - 55

L 35 a0 -
Aand B - - a0

A and C - 45 -
Band C 20 - -

For funding reasons the company needs to choose the order in which the resorts are
introduced so that the greatest annual cost is as small az possible,
Dynamic programming will be used to determine the order in which the resorts are

introduced.
a Ezxplain the meaning of Stage, State and Action in this contesxt
b Find the erder in which the resorts should be added and the greate st annual cost

Solution:
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a Stage —time, in years, remaining
State — resorts already created
Action —resort to be opened

b We require the route that gives the minimaz value

Stage | State Action Destination Value
1 AR Z ABRC 50%
AC B ARC 45%
EC A ARC 307
2 A B AB ez (50,500 = 507
iz A Wax (60,457 =60
£ A AB Max(40,50) = 5¢°
Z EC Max (55,300 = 55
C A AL Max(35 45 =45
E EC Ilax (20,300 = 40
3 none A A Wlax (60,500 = &0
B B Wax (60,50 = 60
C C Maxi(55,45) =55"

The minimazx route 15 CAE with a value of £5500
The order in which the results should be built 15 C then A then B

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Exercise C, Question 2

Question:

A house renovation project 15 to be completed in & weeks (30 working days). The
work 15 in four phases: clearance, repairing, modernization and decorating, which must
be undertaken in that order. The cost, in £1000, of each stage depends on the time
taken to do it These are shown in the table.

Time for | Clearance | Repairing | Modernisation | Decorating
stage (days)
5 15 24 22 14
10 13 20 19 12
15 g 15 15 9
20 5 10 11 4
25 2 & 7 2

Dynamic programming will be used to solve this problem.

a Define the terms Stage, State, Action, Destination and Value in this context.

b Determine the number of days that should be allocated to each stage in order to
minimise costs.

Solution:

a Stage —phase being considered
State — number of days remaining
Action — number of days allocated
Destination — number of days remaining
Walue — total costs

h
Stage State Action Destination Value
Decorating ] ] ] 14"
10 10 0 12
Wodernisation | 10 3 3 29414 = 26"
15 10 5 19+14 =33
5 10 224+12=734
Eepairing 15 ] 10 24 136 =807
20 10 10 20436 =547
] 15 24433=107
Clearance 250 10 15 12+60=73
5 20 15456 =71"

The minimum cost iz £71 000, The time should be allocated as follows

Activity

Clearance

Eepairing

Modernization

Decorating

Humber of days

5

10

5

5

© Pearson Education Ltd 2C

file://C:\Users\Buba\kaz\ouba\d2_7 c 2.f

Pagel of 1

3/11/201.



Heinemann Solutionbank: Decision Mathematics :

Solutionbank D2
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Exercise C, Question 3

Question:

A company makes awrcraft. The order book over the next four months 15 shown in the

table below.

Month

MMarch

April

Way

June

Number of aircraft ordered

1

2

2

2

The aircraft are delivered to customers at the end of each month.

T to three aircraft can be made in any month, but if more than two are made in any
one month additional equipment will need to be hired at £20 000 per month,

Ifany work 15 done in a month the overhead costs are £50 000

T to two atrcraft can be held in secure hangers at a cost of £10 000 per aircraft per

month.

There are no aircraft in store at the beginning of March and there should be no aircraft

in store after the Tune delivery.

Tse dynamic programming to determine the production schedule that minimises the

costs.

Solution:
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stage — Month

State — number in storage

Action — number to be made

Stage | State Action Destination Value (in £10000)
June 2 0 0 9=
() 1 1 0 S+1=¢6"
0 2 0 S=
Ilay 2 1 0 S+2+5=12
3 2 1 S+2+6=13
3 2 24+5+2+2=1T
1 2 0 Sgl+s=11"
3 1 2+5+1+6=14
3 0 24+5+1+2=10
April 0 0 24+10=12"
(2 1 1 5+2+411=18
2 2 5+2+411=18
1 1 0 S+1+10=18"
2 1 5+1+11=17
3 2 2+5+1+11=15%
0 2 0 STT0=i5"
3 1 2+5+11=18
March 0 1 0 S4+15=20
(1 2 1 S+16=21
3 2 2+5+12=1%"
The muinimum cost 15 £190 000 | the aircraft should be built as follows.
Menth Warch April lay June
Mumber of aircraft 3 0 3 2

built in each month

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Exercise C, Question 4

Question:

A salesman will vistt four shops in the nest four days to demonstrate a new product.
He will start at home and travel to the first shop and spend the first day there, then
travel directly to the second shop for day 2, onto the third shop for day 3, then to the

fourth shop for day 4 and then travel home.

Table 1 shows the shops he could wisit on each day.

Table 2 shows the anticipated profit, in £100, from sales at each shop.
Table 3 shows the travelling expenses, in £100, that will be incurred.

The company emploving the salesman wishes to maximise the income, after
subtracting the trawvel costs, generated by the salesman's wisitz. Find his optimum

route.
Table 1
MMonday | Tuesday | Wednesday | Thursday
AR C D E F HILJ
Table 2
Shop [ 4 |EB C E €, H I J
Profit | & 9 d 12 14 10 11 14 12 11
Table 3
A|/B|C|D|E|F|G|H|I J
Home | 2 | 2| 3 f 4 ]
A i 4
B 4 &
C 4 4
D 5 3
E 4 7
F 5 4 4
G 5 5 4
Solution:
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=tage — day

state — shop being wisited

Artien — next journey to be undertaken

Stage State Action Destination Value, in £ 100
Thursday H H-home home 14— g=0"
I Thome home 13-4 =0g*
i J —home home 11=3=8"
Wednesday F FH H 10-54+8=13
Fl I 10-4+9=15
FJ J 1N-4+8=14
G GH H 11-52+8=14
Gl ik 11-5+5=15"
&) J 11-4+8=175
Tuezday D DF F 12—5415="22"
Dis G 12-5+15=22
E EF 12 14-4+15=25"
EG G 14-7+15=22
Monday A AD D B—3+22=27
AE E B—d4+25=29"
E ED D -q422=27
BE E 9—6+25="28"
C D D B—d44+22=26
CE E 8—4425=29"
cunday | Home Home — A —2+429=27
Home-B —24+28=26
Home - C —3+29=26"

There are two possible minimum routes,

Home—-EBE-E-F-I-Home
Home—-C—-E-F—-I-Home
Each has a walue of £2600

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Exercise D, Question 1

Question:

Tse dynamic programming to find the minimax route from 3 to T in the
networl above,

Solution:
Wlinimazx
Stage | State Action Diestination Value
1 F FT T 20"
€ 5T T 15*
H HT i S
2 D DF 13 Max(1%,20) = 20*
D G Max (20,197 = 20%
TH H Wlam(21,22) =23
E EF F lax(16, 200 =20
EG & Max(19,19)=15"
EH H Wlam(18,22) =23
A AD D Max(23,20) = 23"
AE E Wam(29,19) =29
E ED N Wlax(24, 200 = 24
BE E Max(21,19)=2T
Z CD L Wlam(24, 200 = 24
CE E Max (22,197 =22%
2 5 S A Wlax(20,22) =23
SB E Waxw(25, 21y =25
S0 C Max(18,22) = 22"

Minimaz route 18 SCEGT value 22

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Exercise D, Question 2

Question:

Tsing the same diagram as in question 1, use dynamic programming to find the
tnaximin route,

Solution:
Iaximin
Stage | State Action Diestination Value
1 F FT ik 20"
G GT T 19"
H HT T o
2 D DF F Lhin (19,200 =12
DG G Win (20,19, =19
DH H Min(21,22) =21
E EF F Lhin(16,20) =16
EG € Min(19, 1% =1%"
EH H Lin(18,23) =18
A AD D Min(23 21 =21
AE E MWin (29,19, =19
B ED D Min(24, 213 =21
EE E Min{21,19=1%
C CcD D Min(24,211=21"
CE E Min(22, 19 =19
3 = mA A Lin (20,217 =20
=B E Min(25 211 =21
30 iz Lin (18,211 =18

The maximin route 13 SBEDHT of value 21

© Pearson Education Ltd 2C
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Exercise D, Question 3

Question:

A dary manufacturer can make butter, cheese and voghurt. Up to five units of milk
can ke processed and the profits from the various allocations are shown in the table

Number of units 1 2 3 4 5
Butter 14 251 3| 4 47
Cheese 12 30040 45 | 4%
Yoghurt 10 20 30 40 a0

The manufacturer wishes to maximize hiz profit
a Tze dynamic programming to find an eptimal zolution and state the profit.
b Show that there 15 a second optimal solution

Solution:
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Mazimum

Stage | State

Action

Destination

Value

Toghut ]

Uh

o0

507

40*

307

20*

1

I:Iﬁ

Lhl = —| 2| | I

Cheesze

D+50=50

12+40=52

30+430=60"

40+ 20 = 60*

45+10=55

45 +0 =49

0+40=40

12+30 =42

30+420=507

40+10= 50"

45+0 =45

04+30=230

12+20=32

30410 =407

4040 =40

04+20=20

12+10=22

30+0=307

0+10=10

12+0=12"

04+0=0"

Eutter

D+60=40

14450 = &4

25+40 =65

34 +30=64

41+12=153

Lh|da ] B2 — | S =) — | =] B2 = ] ] 2] = D] B ] o = ] oh| | | o = 2] S| o~ o] | e

= 2| | s Lh ) o] S| =) D = B D = B ] 2] ] | B S| =] | | B LR S S| 2] S| O

47+ 0=47

There are two possible courses of action each of value £63

Product Butter Cheese Toghurt
Tnits to be used 2 2 1

Product Butter Cheese Toghurt
Tnits to be used 2 3 1]

© Pearson Education Ltd 2C
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Exercise D, Question 4

Question:

Jenny wishes to travel from = to T. There are several routes available. She wishes to
choose the route on which the mazimum altitude, above sea lewel, 15 as small as
possible. This iz called the minimazx route,

40 D
-~ -
gt T
Pl . 30
e -~ By
e =
ol _. s
P — 40 e
= = - ——e 1
A il
30 —20
30 F

The diagratn gives the possible routes and the weights on the edges give the maximum
altitude on the road (in unitz of 100 feet),

Tse dynamic programming, carefully defining the stages and states, to determine the
route or routes Jenny should take. You should show your calculations in tabular form,
using atable with columns labelled as shown below.

| Stage | Initial state | Action | Final state | Value |

[£]

Solution:
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A 40 D
/‘._""-- 2 ] _..-;',':?‘x“--m_h
e e
G2 Ui W ~30
50, — T _ s
30 B _—" 60 2 T B 40 S
S = » S = - —» 1
o, ~ - o -
b -1,} e .
40 i 50 o
N e e s
Y - G
C 30 i
The states are the vertices.
stage Initial state Action Final state Walue
1 D DT T 30
E ET T 40
F FT T 20
2 A A D mazx (40, 307 = 40*
AR E max (23, 400 =55
E ED D mazx (50, 307 = 50*
BE E mazx (60, 400 = &0
[ D D max (45, 30 =45
CE E mazx (20, 400 =50
CF F mazx (30, 200 = 30*
3 = A A mazx (40, 200 =40*
=B E maz (20, 300 =30
= C mazx (40, 307 =40%

Tracing back there are two routes

=2C, CF, FT, = SCFT

oA AD DT, = SADT

MWamimum altitude on these routes 15 40 (> 100 ft) = 4000 ft.

© Pearson Education Ltd 2C
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Exercise D, Question 5

Question:

Atthe beginning of each month an advertizing manager must choose one of 3 adverts:
the previous adwvert,
the current adwvert;
anew advert.

=he therefore has 3 options:
& use the previous adwert,
B: use the current advert;
C:run a new advert.

The possible choices are shown in the netwotk below together with (stage, state)
variables at the vertices and the expected profits, in thousands of pounds, on the arcs.

(1,0 A 2 (2, mA ) (3,0
- — —e
ra ~.C e / C MH 3 o
A - "'E 7
i e ql/ - e o
e oo led) . T 1S 1 e ~ (& 1)
©.0) {/ B 3 < B 3 - / B 3 ““::=
'\-\.NH‘ H"""‘-\-\
BT
'\“\ --.,_ L ~
h“x._.-—*""f’ld; \.,_/ B B
(1.2) 2 2.2) 2 (3.2)
september Dctober Hovember

The manager wants to maximise her profits for the three-month period.
a Complete the table on the worksheet.
h Hence obtain the sequence of decisions she should make to obtain the maximum
profit. State the masmimum profit.
[£]

Solution:
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mtage

State

Arction

Cost

Total Cost

2
3*

2
£
g*

eI P I P g

03— O k) D L)

1
2*

2+3=5
3+6=9*

1+3=4
3+6=9*
6+2=38

Wb | ) b e |0 e

LA Lh| S el ] L [

5+6=11"
542=7

el

Lh oy Is

4+9=13
3+9=12
5+11=16

b Hence maximum profit iz 16

Tracing back through calculations the optimal strategy 1z CAC

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Review Exercise 1
Exercise A, Question 1

Question:

A theme park has four sites, &, B, C and D, on which to put kiosks. Each kioslk will
zell a different type of refreshment. The income from each kiosk depends upon what it
sells and where 1t 1z located. The table below shows the expected daily income, in
pounds, from each kiozk at each site.

Hot dogs and heef | Ice cream (I) | Popcorn, candyfloss snacks and hot
burgers (H) and drinks (P) drinks (S)
Site & 267 272 276 261
Site B 264 271 278 263
=ite C 267 273 275 263
Site D 261 269 274 257

Reducing rows first, uze the Hungarian algorithm to detertnine a site for each kiosk
in order to maximise the total incorne. State the site for each kiosk and the total
expected income You must make wvour method clear and show the table after each
stage. K

Solution:
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To maximise, subtract all entries from » = 278

116217
147015
£.40
115315
179421
9 4015 1203
147015 6503
Feduce rows then celumns '
22012 o ordoq-
125017 5 3[?5

MMinimum element 15 1

o102
402
o010
4204

Iinimum element 13 1

4001 i =fosheeT
5301 ! 3200
BREA | 6564
4103 | 2002
Then Minimum element iz 1 Minirnum element iz 2
optimal
00417 A-H H
4200 Bk &
' o of
10%0 08
-3-(}46"]-2- - D-1I I
optimal (both £1077)

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 2

Question:

A coach company has 20 coaches. At the end of a given week, 8 ceoaches are at depot
A 5 coaches are at depot B and 7 coaches are at depot C. At the beginning of the next
weelk, 4 of these coaches are required at depot I, 10 of them at depot E and 6 of them
at depot F. The following table shows the distances, in miles, between the relevant
depots.

D E|F
A 40 | 70| 25
E 20 140 | 10
C 35 | 85| 15

The company needs to move the coaches between depots at the weekend The total
mileage covered is to be a minimum.
Formulate this information as a inear programming problem.

a =tate clearly vour decision variables.
b Write down the ohjective function in terms of your decision variables.
¢ “Write down the constraints, explaining what each constraint represents. F

Solution:

a 7z number of coaches from Ato D
%, number of coaches from Ate E
7z number of coaches from Ate F
%y, number of coaches from Bto D
xy, number of coaches from Bto E
%y number of coaches frem Bto F
xy number of coaches from Cto D
%y number of coaches frem Cto E

Xy number of coaches from Cto F

b Minimizse z =40x,; +70x, +25%;
+205x, +40x, +10x,;
+35x;; +85x, +15x,

¢ Depot & x;+x,+%;=28 (humber of coaches at A)
Depot B xy +x, + 25 =35 (number of coaches at B)
Depot © x;+ 2, + %5 =7 (number of coaches at C)
Depot Iz + x5+ 7%, =4 (number required at I
Depot E xpy + 2y, + 25, =10 (number required at E)
Depot F x5+ x, + 255 = & (number required at F)
Eeference to number of coaches at A, B and C=number of coaches atD, Eand F

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 3

Question:

|

The diagram shows a netwotk of roads connecting six villages &4, B, C, D, E and F.
The lengths of the roads are given in km.

a Complete the table on the worksheet, in which the entries are the shortest distances
between pairs of willages. You should do this by inspection.

The table can now be taken to represent a complete network.

b Tzt the nearest-neighbour algorithm, starting at &, on your completed table in part
a OUbtain an upper bound to the length of a tour in this complete netweork, which
starts and finishes at & and visits every village exactly once.

¢ Interpret vour answer in part b in terms of the original networl of roads connecting
the six willages.

d By choosing a different vertex as your starting point, use the nearest-neighbour
algorithm to obtain a shorter tour than that found inpart b
State the tour and its length E

Solution:

file://C:\Users\Buba\kaz\ouba\d2_revl a 3. 3/11/201.



Heinemann Solutionbank: Decision Mathematics . Page2 of 2

4 [B[C[DJE[F
A0 [20]30[32[12]15
B[20[0 |[10|@)|GD] 16
Cl30[10]0 [15[GY] 18
D32 [@)|15]0 |20[ED
E[12[G)G[20]0 |16
F[15]16]19|GH]|16]0

b AE(12), EF{16), FB{16) BC(10), CD(15), DA(3)
1E.

AEFRBCD A upper bound=101km

¢ In the original networlk AD iz not a direct path. The tour becomes AEFBECDE A

d e g
ECDEAFE
CBFAEDC
DCBFAED length 85
EAFECDE
FAEDCEF

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 4

Question:

A manvfacturing company makes 2 products 3, T and Z The numbers of each
product made are x, ¥ and z respectively and £7 iz the profit. There are two tachines
which are awvailable for a limited time. These time limitations produce twe constraints.
In the process of using the simplex algorithm, the following tableau 15 obtained, where
rand 5 are slack variables.

Basic x | ¥ z r 5 Value
variahle
¥ 0 1 3 1 1 21 1
3 3
x 1 0 -3 -1 1 2
2
i 0 0 1 1 1 33

a State how you know that this tableau 15 optimal (final).
b Ev writing out the profit equation, or otherwise, explain why a further increase in
profit is not possible under these constraints,

¢ TFrom this tableau, deduce
1 the mazimum profit,
i the optimum number of X, Fand Z that should be produced to mazximise
the profit. K

Solution:

a There are no negative entries in the objective row

b Profit equation
FPiz+r+s=33

F =33—(z4r+s
At present =, » and £ are all zero. If they increase M will decrease. Hence F iz
tnaxinal

c i F=33
i x=3 y=1,z=10

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 5

Question:

Freezy Co. has three factories A, B and C. It supplies freezers to three shops D, E and
F. The table shows the transportation cost in pounds of mowing one freezer from each
factory to each outlet It also shows the number of freezers available for delivery at
each factory and the number of freezers required at each shop. The total number of
freezers required is equal to the total number of freezers available.

D E F Availahle
A 21 | 24 16 24
E 18 | 23 17 32
C 15| 1% 25 14
Required | 20 | 30 20

a Usze the north-west corner rule to find an initial solution.

b Obtain improvement indices for each unused route.

¢ TUse the stepping-stone method once to obtain a better solution and state its cost.

Solution:
a
D E F
A 20 4
E 26 &
C 14
h SAZ a SBZ 1
Dp=21 De=24

fp=16-0-18=-2
I =18+1-21=-2
foan=15-7-21=-13
fg=19-T7-24=-12

D E F
A | 20-8 | 448
E 26-8 | 6+8
C g 14-8
D E F
A & 15
E 12 20
C 14

© Pearson Education Ltd 2C

SC‘:?

Dp=18

entering cell
CD

=14

exiting cell CF

cost £1384
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Review Exercise 1
Exercise A, Question 6

Question:

A large room in a hotel 12 to be prepared for a wedding reception. The tasks that need
to be carried out are:

I cleanthe room,

I arrange the tables and chairs,

I zet the places,

IV arrange the decorations.

The tasks need to be completed consecutively and the room must be prepared in the
least possible fisme. The tasks are to be assigned to four teams of worlcerz & B, C and
D. Each team tust carry out only one task The table below shows the times, in
minutes, that each team takes to carry out each task

A|B|C D
17 | 24 | 12 | 1B
12 | 23 | 16 | 15
16 | 24 | 21 18
12 | 24 | 18 | 14

==l

a [Jse the Hungarian algorithm to determine which team should be assigned to each
task. You must make your method clear and show
1 the state of the table after each stage in the algorithm,
ii the final allocation

b Obtain the minimum total tine taleen for the rootm to be prepared. K

Solution:
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a 17
12
16
12

Eeducing rows gives:

Eeducing columns gives:

600~

24
23
24
24

19
16
21
18

w4 2 2

)

1

3

1

b s 4 1

Ho assignment possible as zeroes can all be covered by 2 lines (2 =4

MWinimum uwncovered element 15 1
Applying algerithm gives:

__t___g___ E SR
pEE 8 1 ]
~§---0F 2O
N N

Mow requires 4 lines to cover all zeroes 2o assignment now possible
(1, 31— only zero in column 3
(3, &) —row 1 already uzed and now only zero in C2

12
15
13
14

= o o O

11

12

4, 4 — only remaining possibility 1n C4

(2, 1) — must then be used
I-C,0-ATMT-BIV-D

b Time of this azssighment
19412+ 24 +14 = 69 minutes

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 7

Question:

& three-variable linear programming problem in x, ¥ and =z iz to be solwved. The
ohjective iz to tmaximise the profit F. The following tableau was obtained.

Basic x | » I P 5 £ Walue
variahle
8 3 0 2 0 1 2 2
3 3
F 4 0 7 1 0 8 9
2 2
¥ 5 1 7 0 0 3 7
& 3 ] 2 0 0 5 £3

a State, giving your reason, whether this tableau represents the optimal solution

h State the values of every variable.

¢ Calculate the profit made on each unit of ¥

Solution:

a Fec there are no negative values in the prafié row

h P=63,x=U,y=?,z=0,r=%,s=%,z=Cl

c §=9
7

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 8

Question:

a Explain the difference between the classical and practical travelling
salesman problems.

The network abowe shows the distances, in kilometres, between eight McBurger

restaurants. An inspector from head office wishes to wisit each restaurant. His route

should start and finish at A, wisit each restaurant at least once and cover a minimum

distance.

b Obktain a minitnum spanning tree for the netwotle using Kruskal's algorithm. Tou
should draw your tree and state the order in which the arcs were added.

¢ Tee vour answer to part b to determine an initial upper bound for the length of the

route.
d Starting from your initial upper bound and using an appropriate method, find an
upper bound which iz less than 135 km. State your tour. K
Solution:
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a In the practical T3P each vertex must be wvisited af least once
In the classical T.5 P, each wertex must be vizited exactly once

FG D
b AR, DF, DE, (reject EF) P EEA sy
AC
EE
g B 18 ....F
4 mmmm—— el
—cithe s
.'""L F‘:.: |l:1r|ilEr:'u,:||-|j.______.---"" I{J _H.H
" 7 @
3D T H
\\-, W ] x 3
C 13
G

¢ Initial upper bound = 2x85=1701km

d When CD iz part of tree
TTze GH (saving 26) and BD (saving 19) giving a new upper bound of 125 km
Towr ABDEHGFDC A
e.g when BE is part of tree

TTze CG (zaving 407 giving a new upper bound of 130 km
Towr ABEHEDF GCA

© Pearson Education Ltd 2C
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Review Exercise 1

Exercise A, Question 9

Question:

In a quiz there are four individual rounds, Art, Literature, Music and Science. & team
conzists of four people, Donna, Hannah, Kerwin and Thomas Each of four rounds

must be answered by a different team member.

The table shows the number of points that each team member 1z likely to get on each
individual round.

Art | Literature | Wusic | Science
Domma | 31 24 32 35
Kerwin | 19 14 20 21
Hannah | 16 10 12 22
Thomas | 18 15 21 23

Tze the Hungarian algorithm, reducing rows first, to obtain an allocation which
mazximises the total points likely to be scored in the four rounds. You must make your

method clear and show the table after rach stage.

Solution:
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subtract all terme from some # =35, g 35

41130
16 211514
13 251613
17201412
2420
Eeducing rows then column 2
noo
3110
13140
tinimum uncovered 1 341 [?
“ﬂ'E"E"l‘"
2000
nzan ['fl
minimum uncovered 1 230 [{T]
—0—9—9—%——-
-2 004
e.g matching D — & A M =
H-% o oS |
K_Mor L or 5 or A
T-L I L i

Total 88 points

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 10

Question:

The networl above shows the distances, inlem, of the cables between seven electricity
relay stations A, B, C, D, E, F and G. An inspector needs to visit each relay station. He
wishes to travel a minimum distance, and his route must start and finish at the same
station.

Ev deleting C, a lower bound for the length of the route 15 found to be 129 km.

a Find another lower bound for the length of the route by deleting F. State which 1s
the best lower bound of the two.

b EBvinspection, complete the table of least distances.

The table can now be taken to represent a complete network

¢ Using the nearest-neighbour algorithm, starting at F, obtain an upper bound to the
length of the route. State your route. E

Solution:

a Deleting F leaves residual spanning tree

S '_"‘--—-H F
18 N8
T 1€ e G
1
‘D

rst length =86
So lewer bound = 86416 +19=121
" better lower bound 15 129 by deleting C

b Add33to BF and FB
Add 31 to DE and ED

¢ Tour wisits each vertex, order correct using table of least distances.
eg FCDABE GF (actual route FCD C A B E GF) upper bound of 138 km

© Pearson Education Ltd 2C

file://C:\Users\Buba\kaz\ouba\d2 revl a 10.| 3/11/201.



Heinemann Solutionbank: Decision Mathematics . Pagel of 1

Solutionbank D2
Edexcel AS and A Level Modular Mathematics

Review Exercise 1
Exercise A, Question 11

Question:

Three warehouze: W, X and Y supply televizions to three supermatkets T, K and L
The tahle gives the cost, in pounds, of transporting a telewision from each warehouse
to each supermarket The warchouses hawve stocks of 34, 57 and 25 telewisions
respectively, and the supermarkets require 20, 56 and 40 televisions respectively. The
total cost of transporting the televisions 12 to be minimised.

J| K| L
W 3 & 3
X| 5 & 4
Y| 2 5 7
Formulate this transportation problem as a linear programming problem. Make clear
vour decizion variables, objective functien and constraints, K
Solution:

Let x; be zumeber of unit transported from i to j

when i€ (W, XY} and je (IE,L}

Ohjective minitnise O = 3xpp + 6xpg + 3%y +
Sy H8xgy +4xy +
P
subject te X + Xy +Xp = 34
Tgp + Jpg T Xy = 07
g+l T Xy =25
Fyp T g+ Xy =20
Zpe T g T Ey = 06
Ty T Ay T Ay =40
=0 ie{W, X T} and je{IlE L}

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 12

Question:

A manager wizshes to purchase seats for a new cinema. He wishes to buy three types of
seat: standard, deluxe and majestic. Let the number of standard, deluxze and majestic
seats to be bought be x, v and z respectively.

He decides that the total number of deluze and majestic seats should be at most half of
the number of standard seats.

The number of deluze seats should be at least 10% and at most 20% of the total
number of seats,

The number of majestic seats should be at least half of the number of deluxe zeats.

The total number of seats should be at least 250,

standard, deluxe and majestic seats each cost £20, £26 and £36 | respectively.

The manager wishes to minimize the total cost, £C7, of the zeats.

Formulate thiz situation as a linear programming problem, sunplifving your
inequalities so that all coefficients are integers. K

Solution:

y+z£1§x:‘>2(y+z)5x

10
>—(x+y+z) = zx+z=8
¥ 100( y+z) ¥

20
F—(x—v+z)=zx+zzd
¥ 100( y+z) ¥

22%}: =2z=y

x=0yz0zz0.
x+y+z =250
objective function: minimise &= 20x4+ 263+ 36z

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Review Exercise 1
Exercise A, Question 13

Question:

Talkalot College holds an induction meeting for new students. The meeting consists of
four talles: I (W elcome), I (Options and Facilities), TT (Study Tips) and IV (Planning
tor Success) The four depattment heads, Clive, JTulie, Wicky and Stewe, deliver one of
these talks rach The talks are delivered consecutively and there are no breaks between
talks. The meeting starts at 10 am. and ends when all four talks have been delivered
The time, in minutes, each department head takes to deliver each talk 1z given in the
table below.

Talk | Talk IT Talk IIT Talk IV
I
Clive | 12 34 28 16
Julie | 13 32 36 12
Nicky | 15 32 32 14
Steve | 11 33 36 10

a [Jse the Hungarian algorithm to find the earliest time that the meeting could end
You must make vour method clear and show
1 the state of the table after each stage in the algotrithm.
ii the final allocation

b IModify the table so it could be uzed to find the latest time that the meeting could
end. (Tou do not have to find thiz latest time.) E

Solution:
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a i Eeduce rows then columns giving

3lines only needed —

ot least element

ot columns then rows givin

I O0IIvV IOV
Cl0 2216 4 Cio4d4 0 4
T112024 0 then 712 8 0
Mi11818 0 mio 2 0
2112326 0 215100

least element 1

120 46

40 4 4
018 0

3lines only needed L and sither row 1 or column 2

if row [ least uncovered element i3 2

if cofuman 3 least uncovered element 15 1

1T IO IV
Bl &
Tloo 6 o
Hzo 2 2
sloz g o

cloz o
R
M3 0 4
sloz 9

file://C:\Users\Buba\kaz\ouba\d2 revl a 13.|
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1
3
0
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g J|{20 8 2 ithenno change)
I
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IOTOIIV ITOrIv

co4 0 5 oS0 5

TIO1 7 0 e JT02 7 0

Hito 21 Woo 1 0

S04 50 S05 90
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IO IvV
kel

oo 7 o
Hzo s 2
S|0E 500

then Ileast uncovered element 1

1 O-ILT-Ter IV, M-I, S -TWorl
232 minutes . 11:23 am

b Subtracting all entries from some 2 =36
e.g subtracting from 36

I |OJOO|IV
Cl24 (028 |20
T 12314 [0 |24
Mlz21]4 (4 |22
B 250310 |26

© Pearson Education Ltd 2C

file://C:\Users\Buba\kaz\ouba\d2 revl a 13.|

030 5

Page3 of 3

3/11/201.



Heinemann Solutionbank: Decision Mathematics . Pagel of 1

Solutionbank D2

Edexcel AS and A Level Modular Mathematics

Review Exercise 1
Exercise A, Question 14

Question:

The table shows the least distances, in km, between five towns, A, B, C, D and E.

A|B | C|D]|E

Al - | 153] 98 | 124 | 115
B [153) - | 74 | 131 | 145
C| 7| - | B2 | 103
D [124) 131 ] 82 | — | 134
E

115 | 145 | 105 134 | -

Maszsim wishes to find an interwal which contains the solution to the trawvelling
salesman problem for this network

a Making your method clear, find an initial upper bound starting at & and using
1 the minimum spanning tree method,
il the nearest neighbour algorithm.

b By deleting E, find a lower bound.

¢ Ueing vour answers to parts a and b, state the smallest interval that IMaszim could
cotrectly write down, K

Solution:

a 1 Minimum connector using Prim: AC, CB, CD, CE
length = 984+74 +B2+103 =357 {1,3,2,4,5}
Soupper bound = 2x357="714

i ASE CU BN D134 E(11534
length =38+ 74+131+134 +115 =552

b Eesidual minimum connector iz AC, CB, CD length 254
Lower bound = 22441034115 =472

c 472 <selution £552

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 15

Question:

Three depots, F, G and H, supply petrol to three service stations, 3, T and T
The table gives the cost, in pounds, of transporting 1000 litres of petrol from each
depot to each service station

5 |T|U
F 2531 ][44
G| 3535851
H| 41|50 |63

F, G and H hawe stocks of 240 000, 789 000 and 673 000 litres respectively. 3, T and
T require 257 000, 348 000 and 410 000 litres respectively. The total cost of
transporting the petrol iz to be minimised.

Formulate this problem as a linear programming problem Make clear your decision
variables, objective function and constraints. Fy

Solution:

Let x; be the number of units transported from i to f, in 1000 litres where i € {F, G, H}
and je{3 T, 1}

minimise O = 23z, +31x, +46x, +
293 B o lat ok
g, +50x, +635,

unbalanced

subject to &, + 2, +x, = 540
Xy + X =789
Ty TR, TRy, =673

xgs+

Xyt R R, =257
Xt Xy R, =345 - accept = here
e TR

o
xu,_l:l

Accept introduction of a dummy demand methods.

© Pearson Education Ltd 2C

file://C:\Users\Buba\kaz\ouba\d2 revl a 15.|

Pagel of 1

3/11/201.



Heinemann Solutionbank: Decision Mathematics :

Solutionbank D2

Edexcel AS and A Level Modular Mathematics
Review Exercise 1
Exercise A, Question 16

Question:
A
P
,//;' | "y
AN TS
| T Y =
10 7 / 1 N =12
7 al v 12 e
- J | LY .
-~ / | LY -
_‘z‘ | x\ ,
. rd | e
P >nB
e K | e
\ . F, | \ -
\ ! |
, H“‘T-'-n__‘_\‘ | ﬁ | p \1___.- - 3 I
/ | i i
e v ) N 17
.'j" , - | .-"'?-' L
1 [ S~ 10
_.-" S 3 - IJ . i N
il " \
g s P 9N
/ ,f il S N
! o~ ______..-' 3 '-..__._._-- . . ‘\1‘
[ " 15 e
E [

— % C

The diagram shows siztowns &, B, C, D, E and F and the roads joining them. The

number on each arc gives the length of that road in miles.

a By deleting vertex A, obtain a lower bound for the solution to the travelling
salesman problem.

The nearest neighbour algorithin for finding a poszible salesman tour iz as follows:

Step 1: Let Fhe the current wertex

vertex and call it the current vertex

Step 2: Find the nearest unwvisited wertex to the current vertex, move directly to that

b i

i Starting at an appropriate vertex, use the algorithm to find a tour of shorter
length

Step 3: Eepeat step 2 until all vertices have been wisited and then return directly to
the statt vertesx

Use this algorithm to find a tour starting at the vertex & State clearly the tour
and give itz length

Solution:
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a Deleting vertex 4 we obtain

N g 10

Ev Eruskal's algoerithm an M2T 1z DR, EF(T), CEFE), DC{Y) of weight 30

The two edges of least weight at & are AE(T) and AT(E)
LA lower bound 1s 304547 =45

b i A& —nearest neighbour EC7)
E — nearest neighbour F(7)
F —nearest neighbour C3)
Z —nearest neighbour D%
D — nearest neighbour B8

Complete tour with B A(12)
AEFCDB A —length49

i Choose a tour that dees not use AR
e.g. DE{6Y BC{10), CF(8), FE(4), EA(4)
Complete with ADE), DBECFE AD.
Total weight 46

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 17

Question:
Warehouse | W, | W, | W, | Avatlabilities
Factory
g 7 it & 4
E 9 2 4
E 5 & 3 8
Eequirements 2 9 4

A manufacturer has 3 facteries E, E, E and 3 warehouses "W, W,, W, The table

shows the cost Cy, in appropriate units, of sending one unit of product from factory E
to warehouse W,. Also shown in the table are the number of units available at each
1

factory E and the number of units required at each warehouse W, The total number

of units available is equal to the number of units required.

a Use the north-west corner rule to obtain a possible pattern of distribution and find
itz cost
b Calculate shadew costs B, and K for this pattern and hence obtain improvement

indices T for each route,
¢ Tzng vour answer to patt b, explain why the pattern iz optimal K

Solution:
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a
W WL | WG | Available
E 2 2 4
E, 3 3
E 4 4 8
Eequre | 2 9

Cost 2x7+2xB+3x2+4x6+4=3=14+16+6+24+12 =72

b Foroccupied cells B, +E, =C,; gives
(LVE+K; =728 FE =82 R, K, =2
(3. 2E;+E, =6/(53R;+K; =3
Taking B, =0 we obtamn K, =7 K, =58FR,=-6E.,=-2EK,=5

shadow | 7 8 ]
costs | W | W | Ws
0 |F| 7 & 4
-6 | Fa 2 3
-2 | Fs £ 3|8
2 2] 4
Fi=0 W=7
Fo=-4¢ Wa=2
Fz=-2 Wi=1

Improvement indices Iﬁ" = Cé,. - R - K;
I; =6-5-0=1

I, =%-7-(-6)=8
Iy=4-5-(-61=5
Li=5-7T-(=2=0

¢ Mo negative improvement indices and so given zolution is optimal and gives
minimum cost. [f there was a negative J; then using this route would reduce cost.

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 18

Question:

a State the circumstances under which it is necessary to use the simplex algorithm,
rather than a graphical method

The tableau given below arose after one complete tteration of the simplex algorithm.

Basic variahle | x ¥ z r & | Value
Y ot 1 2 1 0| 4202

5 5 5 5

: ol %l s || 2R | [zl

5 5 5 5

£ . J 2 1E 0 3435l

5 = 5 5

b State the column that was used as the pivetal column for the first iteration.

¢ Perform one further complete iteration to obtain the next complete tableau

d State the values of P, x, 3 and z displayved by vour tableau in part e

e State, giving areason, whether your values in part d give the optimal solution. £

Solution:

a Ifthe number of variables =3 use simplex

b Column y
c
bw | x |y|lz]| r g | numbers
Y2 AN 2 | 2402 | r1-Zm3
14 il 14 7 ]
2 (A OT 50 3 fongd | poys?
28 14 | 28 14 5
o= | e | Qe 1E L 3612E R3+ER3
7 7T 7 5

d P:3612$ =0 y:3402 2':222l

e Mo bhottom row still contains a negative, x can be increased.

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 19

Question:

Anengineering company has 4 machines available and 4 jobz to be completed. Each
machine is to be assigned to one job. The time, 1n hours, required by each machine to
complete each job 15 shown in the table below.

Johl | Job2 | Joh3 | Joh4
Machine 1 | 14 5 H 7

Machine 2 2 12 & 5
MMachine 3 g 8 3 9
Machine 4 2 4 & 10

Tse the Hungarian algorithin, reducing rows first, to obtain the allocation of machines
to jobe which minimizes the total time required. State this minimum time. E

Solution:

a Feducing rows

B0o32 _ G030
reducing

01043 01041
%
4 5 06 4 504

columns

0248 0246

b Testing for optimality — 3 lines are enough

or Minimum uncovered element 15 1
1m0z0 mo40
0azn 0a40
or 4 lines now needed
5504 44073
D135 0145

¢ Final matching
Machine 1 - JTob 2 (5}
Machine 2 - Job 4 ()
Machine = - Job 3 (33
Machine 4 - Tob 1 ()
Winirnum titne: 15 hours

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 20

Question:

The following minimising transportation problem iz to be solved.

J | K | Supply
A 12|15 9
B g2 |17 13
C 415 12
Demand | 2 | 11

a Complete the first table on the wotlksheet,
b Ezplain why an extra demand column was added to the table.

A possible north-west corner solution 1s:

J K L
A 9 0
B 11 2
C 12

¢ Ezplain why it was necessary to place a zero in the first row of the second column,

After three iterations of the stepping-stone method the table becomes:

J K L
A B 1
B 13
C 9 3

d Taking the most negative improvement index as the entering square for the
stepping-stone method, solve the transportation problem. Tou must make your
shadow costs and improvement indices clear and demonstrate that vour solution 13
aptimnal. E

Solution:
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a Adds zero for cost in third column
Adds 14 as the demand walue

b The total supply is greater than the total demand

¢ The solution would otherwise be degenerate

d
L0 DLl I, =12-0-10=2
E|[L B g
TR = I, =8-0-10=-2
0 E 13 L =17-0-15=2
6| C |5 |3 I; =0+6-0=6
i} E L
A 8- | 140 a=
Entering square BI
Bil g 160 Exiting square AE
Cl9-0 | 3+8 &
a1 130 I, =12-0-3=4
— I|E T; I =15-0-13=2
e - I =17-0-13=4
-4 ) 1[11 Lpeim 0F8-0=4

Mo negatives, so optimal

© Pearson Education Ltd 2C
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Exercise A, Question 21

Question:
B
84 17
N 144 —AD
| "-Hh‘x. g5 53 /// ._
i 2 “.“‘.___\ : s 'III
| h( / ".49
| 142 . \
He " ¢ / |\ 2
| i s
| ] |*5 S \ 3,\ .
97 | /u, | ® |
"../' i % “100
;_,-_ 163 F

The network abowve shows the distances in ko, along the roads between eight towns,
A B, C. D E F, Gand H Eeith haz a shop in each town and needs to wisit each one.
He wishes to travel a minimum distance and his route should start and finizh at A

By deleting I, a lower bound for the length of the route was found to be 586 km.

By deleting F, a lower bound for the length of the route was found to be 590 km.

a By deleting C, find ancther lower bound for the length of the route. State which 1z
the best lower bound of the three, giving areason for your answer,

b By inspection complete the table of least distances.

The table can now be takoen to represent a complete networle

The nearest neighbour algorithm was used to obtain upper bounds for the length of the

route:

Starting at T, an upper bound for the length of the route was found to be 838 km.

Starting at F, an upper bound for the length of the route was found to be 707 km.

¢ Starting at C, use the nearest neighbour algerithm to obtain ancther upper bound

for the length of the route. State which iz the best upper bound of the three, giving a

reason for your answer, K

Solution:
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i -
84 _____.»""J.f HH‘&.H??
e i EMS.T
A o D
| s5 5 eg AH, AB, BD, DE, HG, EF
| | using Prim’s
57 II 3 II 49
| " |
| |
| --\.l l—
H Y =
LY 83", 100
97 \

length of B W ST =455
Llower bound =459 453483 =595kun (deleting )

Best lower bound 15 295 km, by deleting © as it 15 the highest lower bound found.

b Adds 167 to AF and FA
137 te CH and HZ

136 to DF and FD
145 to DG and GD

C Cj3 D4§l EED Fl]_i HSE Aﬂ-i- BEZE GQE C

Tpper bound, starting at C=767 km
. Bestupper bound 15 707 starting at F as it 15 the lowest upper bound found.

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 22

Question:

a Describe apractical problem that could be solved uszing the transportation
algorithim.

A problem 1z to be solved using the transportation problem. The costs are shown in the

table. The supply 1z from A, B and C and the demand 1z at d and e,

d e Supply
A 5 3 45
B 4 6 35
iZ 2 4 40
Demand | 50 &0

b Ezplain why 1t 15 necessary to add a third demand £

¢ Use the north-west corner rule to obtain a possible pattern of distribution and find
itz cost.

d Calculate shadow costz and improvement indices for this pattern,

e TTzethe stepping-stone method once to obtain an improved solution and its cost. K

Solution:
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a Idea of many supply and demand points and many units to be moved. Costs are
variable and dependent upon the supply and demand points, need to minimise
costs. Praciical

b Supply =120 Demand =110 zo not balanced

c Adds 0, 0 0 10to column £

d |e | Cost 545
A 45
E|S5 |30
& 30010
d E,= =-1 E.=-3
Ki_ z=? K33=3 . Shadow costs

Ae=3-0-T=-4¢
AF=0-0-3=-3 —
Bf = 0+1-3=-2

Cd=2+43-5=0

Improvement indices

e Aet —2FBe” =2 Bd" = Ad” 50 & =30

d |e |
15| 20 Cost 425

A
B |35
2

30010

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 23

Question:

Four salespersons Ann, Brenda, Conncor and Dave are to be szent to wisit four
companies 1, 2, 3 and 4. Each salesperson will wizit exactly one company, and all
companies will be visited.

Prewrious sales figures show that each salesperson will make sales of different values,
depending on the company that they wisit These values {in £10 000z are shown in the

table below.

1 2 3 4

Ann 26 30 30 30
Brenda 30 23 26 29
Connor 30 25 27 24
Dave 30 27 25 21

a Use the Hungarian algorithm to obtain an allocation that maximises the sales. You
must make your method clear and show the table after each stage.

h State the value of the maximum sales.

¢ Show that there 15 a second allocation that maximises the sales. i

Solution:
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a To maximizse, subtract all entries from » = 30

4000
0741
D536
0558

g

minimum uncovered
clement 1s |

0D&30

0425

0243

or

minimum element is 2

minimum ¢lement is 2

FRR 7000

o410 26310
D205 0203
0028 D026

A-2B-4C-3D-1
of A-3B-4C-1D-2

b £1160000
¢ (hives other solution from part a.

© Pearson Education Ltd 2C
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Review Exercise 1

Exercise A, Question 24

Question:

The manager of a car hire firm has to arrange to move cars from three garages A B
and C to three aports D, E and F 2o that customers can collect them The table below
shows the transpottation cost of moving one car from each garage to each airport. It
alse shows the number of cars awailable in each garage and the number of cars
required at each airport. The total number of cars available 15 equal to the total number

required.
Adrport D | Airport E | Airport F | Cars availahle
{Garage A £20 £40 £10 &
{Garage B £20 £50) £40 ]
{Garage C £10 £20 £30) ]
Cars required & 9 4

a [Jze the north-west corner rule to obtain a possible pattern of distribution and find

its cost.

b Calculate shadow costs for this pattern and hence obtain improvement indices for

each route.
¢ Tze the stepping-stone method to obtain an optimal solution and state its cost.

Solution:
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a e.g
DIE|F
Ald
Elo|a
6 414
Cost £470
h 5,=0 3,=0 5,=-10

¢ Choosze A F az entering route

AF+) = CF-)—=CE(+) —
BE{-) =BD{+) = AD(-)

Exting route CF #=4

D

E

E

2

4

1

A
E 4
iZ

8

S, =0 S,=0 S§,=-10
D,=20 Dg=30 Dy=10

Iz =10,I = 30,
I,=0 I =30

. optimal

cost = £350

or

D,=20 Dg=40 D, =50
Ly =10-50=—40

I, =20-10=10

Iz =40-40=0

I, =10-0=10

AF(+) - CFi—=) = CE(+) = AE(—)

Exiting route AE =10

D|E|F
A6 0
E 5
C 44

S0 8, =0 =30 § =20
D, =20 Dg=0 D,=10
Lg =40,Ipp =—30,Ipp =0,Ip =—30

ez CDH) — AD(-) = AF(+) — CF(-) 8=4

R

A
B
iZ

S, =0 E,=0 3.=-10
Dp=20 Dg=30 Dy=10
Lg=10I0 =0 Ipp=30 Ip=30
. optimal cost £350

of DB{+) = BE(-) = CE{+) = CD{—) 8=4
giving left hand solution table
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Review Exercise 1

Exercise A, Question 25

Question:

A chemical company makes = productz 20, T and Z. It wishes to maximize itz profit
£F  The manager considers the limitations on the raw materials awvailable and models
the situation with the following linear programming problem.

Maximise F=3x+by+4z,

subjectto x4z =4,
x+dy+2z =6,
x+y+2z =12,

x20,y=02z20,

where x, ¥ and z are the weights, inkg, of products X, T and Z respectively.
A possible tableau 15

Basic variahle | x ¥ z r 5 £ | Value
F 1 ] 1 1 0 0 4
g 1 4 2 0 1 0 &
4 1 1 2 0 0 1 12
F -2 | -6 4] 0 0 ] 0

a Ezplain

i the purpoze of the variables #», s and £,

ii the final row of the tableau.
b Solve thiz linear programming problem by using the simplex algorithm.
Increase v for wour first iteration and then increase x for vour second iteration.

c Interpret your solution.

Solution:
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a i Slack variables used to enable us to write inequalities as equalities. All slack

variable are =0

i P-Gx-by—dz=10

h
kv x ¥ z r g i value row
ops
F 1 0 1 1 0 0 4
8 1 @ 2 0 1 0 &
i 1 1 2 0 0 1 12
F -3 —& —4 0 0 0 0
kv, x ¥ z r g i value | row ops
F D 0 1 1 0 0 4 Mo
change
i 1 1 1 0 1 0 11 k2 -4
4 2 4 2
£ 3 0 11 0 21 1 101 E3 -ER2
4 2 4 2
F _1 1 0 -1 0 1 1 0 g E4+6R2
2 2
b ¥ z r s £ value rOW Ops
x 1 0 1 1 0 0 4 El =1
Y 1 1 _1 1 0 ! Lo _ g1
4 4 4 5 4
¥ ’ ° 2 | =2 | |t | L || BB
4 4 4 2 4
i 0 0 i 1 i 1 L 0 15 R4 +1 L E1l
2 2 2 2

¢ Mamimum profit 1z £15
whenx =4 kg, yv= % kg, z=0kg
The first and second constraints have no slacle

There 15 a slack of 7 %in the third constraint.

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 26

Question:

The table below shows the distances, in lom, between siz towns A B, C. D, Eand F.

A|lB|C|D | E]|F

Al - | B3 | 110175108 | 100
B | 85| — | 38 | 175|160 23
C 10| 38 | - | 148 | 156] 73
D |1/ 15148 - | 110] &4
E J10B| 160|156 | 110 | — | %2
F ol 53| 7584 ] 82 -

a Starting from A, uze Prim's algorithm to find a minimum connector and draw the
minimum spanning tree. T ou must make your method clear by stating the order in

which the arcs are selected.

b 1 TUsing your answer to part a obtain an initial upper bound for the solution of the

travelling salesman problem.

ii TTse a short cut to reduce the upper bound to a value less than 680
¢ Starting by deleting F, find a lower bound for the solution of the travelling

salesman problem.
Solution:

a Crder ofarce; AR, BC, CF, FD, FE

E

B gy B e © 5 B D
92
‘E

b i 2x372=744

i eg AD saves 105 giving 639
or AF saves 180 giving 564
AF saves 26 giving 648
DE szaves 66 giving 678

¢ Eesidual M2 T.
AB, BC AE ED

C B A
N 85

Lower bound = 3414+ 73+ 584
=493

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 27

Question:

The catpets all require units af black, green and red wool,
For each roll of carpet,

respectively.

a Formulate the above situation as a linear programming problem, listing clearly the
cotistraint as inequalities in their simplest form, and stating the obijective function
Thiz problem is to ke solved using the sinplex algorithm. The most negative number

in the profit row is taken to indicate the pivot column at each stage.

b Stating your row operations, show that after one complete iteration the tableau

becomes
Basic variable | x | » I r 5 ¢ | Value

r 1 0 i 1] 1] 110 10
2 2 2

¥ 1 1 1 0 1 0 20
2 2 2

¢ 2 0 o1 o0 f(=1]1 10

2 =10 0 | =20 0 (40 ] 0 1600

¢ Ezplain the practical meaning of the walue 10 in the top row.

d i Perform one further complete iteration of the simplex algorithm
ii State whether your answer to part d 115 optimal. (Give a reason for your answer,
iii Interpret your current tableau, giving the value of each variable. K

Solution:
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a MMaximise F=30x+E0y+60z
subjectto x4y +2z = 350
x+2v+z =40

Ax+2y+z =50
where x,p,z=20

b Initialising tableau

bw | x ¥ z |r|e|t|value
r 1 1 2 [1jo|0o| 30
g 1 @ 1 |0|1f{0] 40
i 3 2 1 |0jof1] 30
Fl-50|-80|—-6D |O|0]|0O]| O

Chooses correct pivot, divide E2 by 2
State correct row operation E1-R2, E5-2E2, E4+80E2, B2+ 2

¢ The solution found after one iteration has a slack of 10 units of black per day

d i
bw | x |v| z |r| & |¢|value
r 1 |0 @ 11 -1]0] 10
2 2 {miven)
¥ 1 11 1 of 1 (0 20
2 2 2
i 2 |0 0 |Joj-=1]1] 10
Fol-1o |0 =20 0] 40 |0 1600
kv, x |y|l=z| r g ¢ | walue
2 o] 2 [ 0] 62 | w2
3 3 3 3 i
2 A [ 2| 2 |Y] ek R2- LRI
k] 3 3 3 2
¢ 2 ojofl o -1 ]1 10 B3 —no change
+
o _31 oo 131 331 0 1?331. E4+20E1
3 3 3 3

i Mot optimal, a negative value in profit row
2 2
i x=10 =l6— z=6—
3 3 3
P=£f173333 r=0,2=0,¢(=10

© Pearson Education Ltd 2C
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Exercise A, Question 28

Question:

A |E |¢ |D |E |F

Al- 113153 [ 54 |87 | 68
B 112 |- 87 | 12328 | 100
C| 55 |87 |- 106 58 | 103
D354 | 123) 106 | - 140 | 48
E |87 |38 |58 | 140 - 105
F &8 [ 100]103)48 | 105 ] -

The table shows the distances, 1n km, between stz towns A, B, C.D. Eand F.

a Starting from A, use Prim's algorithm to find a mummum connector and draw the
minimumn spanning tree. You must make your method clear by stating the order in
which the arcs are selected.

b i Hence form an initial upper bound for the solution to the travelling salesman

problem.
ii TTsze a short cut to reduce the upper bound to a value below 360

¢ By deleting &, find a lower bound for the solution to the travelling salesman
problem.

d Use your answers to parts b and ¢ to make a comment on the value of the optimal
solution.
e Draw a diagram to show your best route. K

Solution:

a AC (=53), AD(54), DF(—48), CE(-58), EB(-38)

F D A C E B
L &

48 54 53 58 38
b i MIET XZ=251x2=3502
ii Finding a shortout to below 360, e g FE leaves 351

¢ M3T isDF, CE EE, FE length 244
The 2 shortest arcs are AC (—=53) and AD (—54) giving atotal of 351

d The optimal solution 1s 251 and 15 A-C-E-B-F-D-4

e A s
| E
|
|
|
B ;
~_ B
-
.

© Pearson Education Ltd 2C

file://C:\Users\Buba\kaz\ouba\d2 revl a 28.|

Pagel of 1

3/11/201.



Heinemann Solutionbank: Decision Mathematics . Pagel of 2

Solutionbank D2

Edexcel AS and A Level Modular Mathematics

Review Exercise 1
Exercise A, Question 29

Question:

Polly has a bird food stall at the local marlket Each week she malkes and sells three
types of packs &, B and C

Pack & contains 4 kg of bird seed, 2 suet blocks and 1 kg of peanuts.
Pack B contains S kg of bird seed. 1 suet block and 2 kg of peanuts.
Pack C containz 10 kg of bird zeed, 4 suet blocks and 3 kg of peanuts.

Each week Polly has 140 kg of bird seed, 60 suet blocks and &0 kg of peanuts
available for the packs,

The profit made on each pack of A, B and C zold iz £330, £3.50 and £6.50
respectively. Polly zells every pack on her stall and wishes to maximize her profit, F
pefce.

Let x, y and z be the numbers of packs of A, B and C sold each week
A initial simplex tableau for the abowe sttuation 13

Basic variahle X ¥ I r| 5 £ | Value
r 4 5 10 1 0 0 140
g 2 1 4 0 1 0 &0
¢ 1 2 E ol 0 1 &0
A —350 | =350 | —-&50 | D | O 0 0

a Ezplain the meaning of the wariablesz », & and ¢ in the context of thiz question.

b Perform one complete tteration of the simplex algorithm, to form a new tableau T
Take the most negative number in the profit row to indicate the pivotal column.

c State the value of every variable as given by tableau T

d Write down the profit equation given by tableau T.

e Use your profit equation to explain why tableau T 15 not optimal

Taking the most negative number in the profit row to indicate the pivotal column,

f identify clearly the location of the next pivotal element. K

Solution:

file://C:\Users\Buba\kaz\ouba\d2_revl a 29.| 3/11/201.



Heinemann Solutionbank: Decision Mathematics . Page2 of 2

a r, zand? are unused amounts of bird seed (in kg), suet blocks and

peanuts (in kg) that Polly has at the end of each weel: after she has made
up and sold her packs.

b,

=

z r s | i | walue

1 1 jojo| 14 E1+10

b | ==

E2-4E1

L]
=t

|

.

L)
|I

i)

—

Lo}

Lo

t 1 1 |0 3011} 18 E3-3R1
3 2 10
Fo =80 =25 |0 &5 (0[0] 92100 | E4+650R1

c x=0 y=0 z=14 r=0 s=4 =18 F=£f%]
d F-9%0x—-25y+65=59100

e FP=531004+90x+ 250y —635r
Soincreasing x of ¥ would increase the profit

f The % in the x column and 2nd (&) row.

© Pearson Education Ltd 2C
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Exercise A, Question 30

Question:

A steel manufacturer has 3 facteries 5,/ and & which can produce 35, 25 and 15

kalotonnes of steel per year, respectively. Three businesses 5.5, and 5, have annual
requirements of 20, 25 and 30 kilotonnes respectively. The table below shows the cost
Cy. in appropriate units, of transporting one kilotonne of steel from factory & to

business BJ-.

Business
B Ba B4
F o) 10 4 11
Factory | F3 12 ] ]
o 9 & 7

The manufacturer wishes to transport the steel to the businesses at minimum total cost.
a Write down the transpottation pattern obtained by using the north-west corner
rule.
b Calculate all of the improvement indices [, and hence show that this pattern is not
optimal.
¢ [Jze the stepping-stone method to obtain an improved solution.

d Show that the transportation pattern obtained in part ¢ 13 optimal and find its cost.
E

Solution:
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da
Bl B2 BE
F |20 [15
F, 10 |15
F, 15
b

SRy = 0 S(E)=1 S(E)=0
DiE) =10 D(B;)=4 D(E;)=7
I, =11-0-7=4
I, =12-1-10=1
L, =%-0-10=-1
f-0-4=2

—
L)
[ %)

Il

since I 15 negative pattern 15 not eptimal

B, B, E;
F |20-8| 15+8
E 10-8 | 15+8
E | ¢ 104
Entering square E B,
Eziting square EE,
£=10
Bi| By | B
F | 10]25
E ]
E |10 ]

SE)=0 SEI=0 SE)=-1
D(B,) =10 D(B;)=4 D(B;) =8
I,=11-0-8=3
I, =12-0-10=2
I, =5-0-4=1
L,=6—(-1)—4=3
Cost = (10510) +(25% 41 +(25%8) + (10 9 +(5% 71 = 525 units

© Pearson Education Ltd 2C
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Exercise A, Question 31

Question:

A company makes three sizes of lamps, small, medium and large. The company is
trying to determine how many of each size to make in a day, in order to maximise its
profit. As part of the process the lamps need to be sanded, painted, dried and polished.
A single machine carries out these tasks and iz available 24 hours per day. A small
lamp requires one hour on this machine, a medium lamp 2 hours and a large lamp 4
hours,

Let x=number of small lamps made per day,

y=number of medium lamps made per day,

z =number of large lamps made per day,
where x20,yv=0 and z2 0

a "Write the information about this tnachine as a constraint
b i Ee-write your constraint from part a using a slack variable s
ii Explain what & means in practical terms.

Another constraint and the objective function give the following simplex tableau. The
profit P is stated in euros.

Bagic variable | x | » I P 5 | Value
r 21 5 & 1 0 50
g 112 |4 0 1 24
r -1|-3[-4] 0 0 0

¢ Write down the profit on each small lamyp.

d Usze the simplex algorithm to solve this linear programiming problem.

e Ezxplain why the solution to part d 15 not practical

f Find apractical solution which gives a profit of 30 euros. Verify that it 1z
frasible. E

Solution:
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a x+2y+dz=24

b i z+2y+dz+a=24

ii si=0) iz the slack time on the machine in hours

c 1euro
d
bw |x |y |z|r]|s walue
F 302 |0)1] 3|14 R1-6E2
2 2
z 111 (1]0]1 & E2+4
4|2 4
Ve o]l -1{0|0]1 24 E3+4E2
bw |z |wl|lz|¢ s walue
¥ 30101 3|7 i1+ 2
4 2 | 4
z a JEE R R2_ LRI
g 4 | & 2 2
B 3|00 1 1 31 E3+ER1
4 2 |4

Profit=3leures y=7z=25x=r=5=10

e Cannot make % a lamp

f eg (0,10, 00 0r (0,6 3 or {1, 7, 2)checks in both inequalities

© Pearson Education Ltd 2C
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Exercise A, Question 32

Question:

A

B

C

D

E

F

&

47

e

252

120

172

2959

144

17

121

402

155

1593

319

165

B4

121

456

200

246

373

218

352

402

456

413

220

155

259

120

155

200

413

204

286

131

172

193

246

220

204

144

70

295

319

75

155

286

144

140

o &2 || 3 2| |

144

165

21b

289

131

70

140

The table shows the distances, in miles, between some cities. & politician has to wisit
each city, starting and finishing at & She wishes to minimise her total travelling

distance.

[ -J — I R — -

Solution:

file://C:\Users\Buba\kaz\ouba\d2 revl a 32.|

Find a minimum spanning tree for this networle
Hence find an upper bound for this problem.

Eeduce this upper bound to a value below 1400 by using “short cuts’,
Ew deleting I find a lower bound for the distance to be travelled
Explain why the method used in part d will always give a lower bound for the
distance to be travelled in any such network.

E
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= 47 | B4 | 3BZ | 120 | 172 | 289 144
@y |- 127 | 402 | 155 193 [ 319 | 165
B | 121] - 456 | 200 | 246 | 375 | 218
382 | 402 | 456 | - 413 | 220 [ A59| 289
20| 155] 200 | 413 | - 204 | 286 | 131
172 | 193 | 246 | 220 | 204 | — 144 [(70)
299 [ 319 [ 373 | 155 | 286 | (49| - 160
144 [ 165 [ 218 [ 289 [d3D[ 70 [ 160 [ -

| G| | ) ) | B e

~. A E H F G D
120 131 70 144 155

b Upper bound 751x2=1502
¢ BtoDsaves 265 Hito Gsaves 54, B to H sawves 133 etc.

d Delete D minimum spanning tree 596
2least paths 1554 220=373
oo lower bound 15 5964 3Y5=971

e The non-deleted wertices form a minimum spanning tree so they do not form a
cycle.
The optimum solution 1z a cycle.
Tnless the 2 least paths complete the cycle it will not give the optitnum solution
In general this will not be the case so a lower bound will be formed, shorter than
the optitnum solution:

© Pearson Education Ltd 2C
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Exercise A, Question 33

Question:

A carpenter makes small, medium and large chests of drawers. The small size requires
E%m of board, the medium size 10 m of board and the large size 15 m of board. The

times required to produce a stnall chest, a medium chest and a large chest are 10
hours, 20 hours and 30 heurs respectively. In a given vear there are 300 tm of board
available and 1000 production hours available.

Let the number of small, medinum and large chests made in the year be x, y and z
respectively.

a Show that the above information leads to the inequalities
x+4v+bz = 120,

x+2y+5z = 100

The profits made on small, medium and large chests are £10, £20 and £28
respectively.

b Write down an expression for the profit £F interms of x, y and =,

The carpenter wishes to maximize his profit. The simplex algorithm iz to be used to

solve this problem.

¢ Write down the initial tableau using » and 5 as slack wariables.

d Tse two iterations of the simplex algorithm to obtain the following tableau In the
first iteration you should increase v

Basic x ¥ z r 5 Value
variahle
¥ 0 1 1 1 1 10
2 2 2
x 1 0 < -1 2 20
i 0 0 22 0 10 1000

o

Giwe a reason why this tableau 18 optital
f "Write down the number of each type of chest that should be made to mazimise the
profit. State the maximum profit. E

Solution:
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Board () | Time (F)
Small (x) 5 1 10
2
Medium (7 | 10 20
Large (z) 14 a0
Lvailable 200 1,000

Board 2%x+10y+152 =300

x+dy+oz =120
Titne 10x4+ 20y +50z = 1000
x+2y+5z =100

b F=10x+20y+ 28z

b, x ¥ z # | & | values
r 1 4 & 10120
g 1 2 S| 01100
ol -10| =20 =28 (0|0 0
d &=730,8 =50, pivet 4
kv | x |¥y]| =2 ¥ | 5| value
¥ 1 (1 1 1 |0 30
4 2| 4
g 1 (o 2| -1]1| 40
2 2
F|-alof 2 5 |0 600
&=120,8, =50 ; pivot %
bw [x|y|z |7 ] Walue
yoloprp 111 10
2| 2 2
x [1]0]4 | -1 a0
Flofojzz| 0 |10 1000

e Thiz tableau iz optimal as there are no negative numbers in the profit line,

f Small 80, medium 10; large 0
Profit £1000

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 34

Question:

A|lB|C|D|E|F |G

Al - [ 55 125160 ) 135 65 | 95
B| 55| — | 82 |135) 140 100 | 83
Cl125] 82 | — | 85 [120] 140 7é
D160 135] 85 | — | 65 [ 132] &3
E (135|140 120 65 | — | 90 | 55
Fl 65 [ 100)140 132 30 | - |75
G| 85 | B3 |76 | 63 | 5575 =

A retailer haz shops in seven cities A&, B, C, D, E, F and G. The table above shows the
distances, in km, between each of these seven cities. Susie lives in city A and has to
vizit each of the shops. She wishes to plan a route starting and finishing at &4 and
covering a minimum distance.

a

Starting at A, use an algorithin to find a minimutm spanning tree for this networle
State the order in which you added wertices to the tree and draw your final tree
Explain briefly how wou applied the algorithm

Hence determine an initial upper bound for the length of Susie's route.

Starting from your initial upper bound, obtain an upper bound for the route which 1s
less than 635 km. State the route which has a length equal to your new upper bound
and cities which are visited more than once.

Chbtain the minimum spanning tree for the reduced graph produced by deleting the
vertex G and all edges joined to it. Draw the tree.

Hence obtain a lower bound for the length of Susie's route.

e
f Tsing your solution to part d, obtain a route of length less than 500 km which wizits
each vertex exactly once. E
Solution:

fil
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a Label column &, delete row A
Zcan all labelled columns and choose least number.
Add that new vertex to the tree
Label the new vertex's column and delete its row
Eepeat the 3 steps until all vertices added.
Applying algorithm
order of vertex selection &, B F, G, E, D, C

B
-
35 ./'/
(15Kh\\. 73 {Lf 63
i ~
P
55 T

b Initial upper band = 2x389 =778 km

¢ Eeducing upper bound by short cuts

Listsnewroutee g ABCGDGEGF A
States revigited vertices e g G

d B 82 C
- :
55, *\ 85
- ‘-._\
A D
F i
_r{
65\, J &
. :
F E

e Lower bound = 352+ GD +GE
= 352463455
=470

f eg Tze GE and GF (rather than GIN)

length = 3524554 75=482 km
Foue ABCDEGE A

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 35

Question:

T4z Co. Ltd produces three different blends of tea, Morning, Afterncon and Ewvening
The teas must be proceszed, blended and then packed for distribution.

The table below shows the time taken, in hours, for each stage of the production of a
tonne of tea. It also shows the profit, in hundreds of pounds, on each tonne.

Processing | Blending | Packing | Profit { £100)
Morning hlend 3 1 2 4
Afternoon blend 2 3 4 5
Evening blend 4 2 3 3

The total times available each week for processing, blending and packing are 33,

20 and 24 hours respectively. T42 Co. Ltd wishes to mazimise the weekly profit

Let x, y and z be the number of tonnes of Morning, Afternoon and Evening blend

produced each week:

a Formulate the above situation as a linear programming problem, listing clearly the
objective function, and the constraints as inequalities.

Aninitial simplex tableau for the abowve situation is

Basgicvariable | x |y | 2 | » | 5 | £ | Value
r 21411 0]0 25
g 132|010 20
¢ 2413|001 24
= 4| -5(-3| 0| 0] 0 0

b Solve this linear programming problem using the simplex algorithm. Take the most
negative number in the profit row to indicate the pivet column at each stage.

T42 Co. Ltd wishes to increase its profit further and iz prepared to increase the time

available for processing o blending or packing or any two of these three.

¢ Jse your answer to part b to adwize the company as to which stages) should be
allocated increased time. E

Solution:
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a Objective: Maximise F=4x+5y+ 32
Subjectto x4+ 2y+4z =35
x+3y+2z =20
2x+dy+iz = 24

h
bw | x ¥z rls |t Walue
r 2 053 Ljof 1 )23 E1-2E3
4 2
g o) 1ot 32 E2-G5RES
2 4 4
¥ 1 11 3 ojo]1 £ E3+4
2 4 4
F 3|0 3 ojo] 5 30 E445E5
2 4 4

bow ¥ |z r & |k Walue

& 1oy s |1 o) 1123 E1+2
4 2 41 2

S el ol A R ) G =LA DI ¥
8 4 51 4 2

> [0 [192 [T |mslm
& 4 B 4 2

2 I N A = P
5] 4 g 4 2

1 1 1

0

i

P=472 x=1l—,y=
4 i

] 3 : j :
¢ There 13 some slack (7 Ej ofL S, 3o de ot increase blending: therefore increase

Proceszing and Packing which are both at their limit at prezent.

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 1

Question:

In a game theory explain what is meant by

a zero-sufm gatne,
b saddle point E

Solution:

a A game in which the gain to one player is equal to the loss of the other

b Ifthere is a stable solution(s) @, ina game, the location of this stable solution 1z

called the saddle point.
It 1z the point(s) where row mazimin = column minimaz

© Pearson Education Ltd 2C

file://C:\Users\Buba\kaz\ouba\d2_rev2_a 1.| 3/11/201.


http://www.kvisoft.com/pdf-merger/

Heinemann Solutionbank: Decision Mathematics . Pagel of 1

Solutionbank D2

Edexcel AS and A Level Modular Mathematics

Review Exercise 2
Exercise A, Question 2

Question:
G G &
I:-'/x; \\ 'lf
EL0 DYy
- Q9 e
5. L o i~ B Soama.
g T S G
N, . 3
. 1 () 6 8//
S 14:€ Y7 e ) \'\ A ®
B [ ; 7"'\1,’ \"
Ij_‘:f : P 12 _,-"-r' I
: — ) ¥ K1
P | 0 '-
|
C . G

The diagram shows a network of reads represented by arcs. The capacity of the road
represented by that arc is shown on each arc. The numbers in circles represent a
possible flow of 26 from B to L.

Three cuts O, O and O are shown

a Find the capacity of each of the three cuts.

b Venly that the flow of 26 13 maximal.

The government aims to maximise the possible flow from = to L by using one of two
options.

Option 1. Build a new road fom E to J with capacity 3.

or

Option 2 Build a new road from F to H with capacity 3.

¢ By considering both options, explain which one meets the government’s aim. E

Solution:

a 0, =T7+14+0+14=35
C, =T74+14+5=26
;= 8+9+6+8=31

b Either Min cut = Max flow and we have a flow of 26 and a cut of 26
ot 0215 through saturated arcs

¢ Using ET (capacity ) e. g — will increase flow by 1 —1.e. increase it to

27 since only one more unit can leave E. —-EBEIL -1
Tsing FH {capacity 3) e g — will increase flow by 2 — 16 increase it
to 28 since only two more units can leave F. —BFHIL -2

Thus choose option 2 add FH capacity 3.
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Review Exercise 2
Exercise A, Question 3

Question:

A two person zero-sun game g represented by the following pay-off matriz for player

A

B plays I | B plays IT | B plays ITT
Aplays1 -3 2 ]
Avplays 1T 4 -1 —d

a 'Write down the pay off matriz for playver B.
h Formulate the game as a linear programming problem for playver B, writing the
constraints as equalities and stating vour variables clearly. E

Solution:

Ad) | AL
BL) [3 |-4
BAD | -2 |1
BAM [ -5 |4

b Add 6 to each element to make all terms positive

Ad) | ATD
BO |9 |2
BAD |4 |7
BAM |1 |10

Let g1 be the probability that B plays row 1

Let g2 be the probability that B plays row 2

Let g5 be the probability that B plays row 3

Let value of the game be v and let F'=v + 6

where g1, g2, g3 =0

e.g maximise F=1

subjectte P -9 —dg,—gs +r =10
F—2g =g, —10g;+5 =0

ftgtgs+i =1
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Review Exercise 2
Exercise A, Question 4

Question:

Anengineering firm makes motors. They can make up to five in any one month, but if
they make more than four they have to hire additional premises at a cost of £500 per
month. They can store up to two motors for £100 per motor per month. The overhead
costs are £200 in any month in which work iz done.

Ilotors are delivered to buvyers at the end of each month. There are no motors in stock
at the beginning of May and there should be none in stock after the September

delivery.

The order bool: for motors 1s:

Month Wlay | June | July | Aug | Sept.
Number of motors | 3 3 7 ] 4

Tse dynamic programming to determine the production schedule that minimises the

costs, showing your wotking in atable. E
Solution:
e.g
Stage State | Action | Dest | Value
1 (Zept) | 2 2 0 2004200 =400 *
1 3 0 2004100 =300 *
0 4 0 200 =200 =
2ikug | 2 5 p 2004 20043004400 =1300
4 1 2004 2004300 =700
3 0 20042004200 =400%*
1 5 1 2004100+ 5004300 =1100
4 0 20041004 200 = 500 *
0 3 0 20045004 200 =900 *
2idulyy | 2 ) 0 20042004 5004900 =1800 =
4 (June) | 2 3 z 200420041800 = 2200 *
1 4 2 2004+100+1800 = 2100 *
0 5 2 200450041800 = 2500 *
5 iddayy | 0 2 2 200450042200 = 25900
4 1 20042100 = 2300 *
B 0 20042500 = 2700
Ilonth Way | June | July | August | Zeptember
Production schedule | 4 4 ] 5 4
Cost £2300
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Exercise A, Question 5

Question:

The diagratn shows a capacitated directed networle The number on each arc 15 its

c:apa,:ity.
20 C »
<N
P =
=0 -
]4\*\ v o - E
B_:.'_ S e _* = -__:-. |
" B
[‘JI_P‘ D6 >
i - 'j
F 4 H

Thiz shows a feasible initial flow through the same networle

a "Write down the values of the flow x and the flow v,

b Obtain the value of the initial flow through the netwotle, and explain how you know
it is not maximal.

¢ Tsze this initial flow and the labelling procedure to find a maximum flow through
the network. ¥ ou must list each flow-augmenting route you use, together with its
Hlow,

d Show yvour maximal flow pattern.

e Prove that your flow is mazximal, E

Solution:
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a x=%y=16

b Initial flow =353 — either finds a flow-augmenting route of demonstrates not
encugh saturated arcs for a minimum cut

eg IDA-O
IFDA - 24

max flow — &

e Max flow — min cut
Finds acut GC, AT, DF, DI, EI, EH walue &4

Mote: must not use supersource or supersink arcs.

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 6

Question:

A two-person zero-sutn gatne is represented by the following pay-off matrix for player

&

| O m Iv
I|-4 -5 -2 4

A OD|-1 1 =1 2
]]1| 5 -2 -4
IV|-1 3 -1 1

a Determine the play safe strategy for each player.

h Verify that there 1z a stable solution and determine the saddle points.

¢ State the wvalue of the game to B E
Solution:

a Fow minima —5,—-1,—4, -1 max iz —1

Column mazima 0,5,—-1,4 min1s —1
Play safe 15 A plays T or TV and B plays TTT

b Since (—10—i{-1)=(—11+1=10 there iz a stable solution
Saddle points (1T, TT) and (TV, TIT)

c Walue of game to B 15 —{-11=1

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 7

Question:

The networle shows possible routes that an aircraft can take from 3 to T. The numbers
on the directed arcs give the amount of fuel used on that part of the route, in
appropriate units The aitline wishes to choose the route for which the maximum
amount of fuel used on any part of the route iz az small as possible. Thiz 15 the
Minimax route.

a Complete a table to show the information
b Hence obtain the minimax route from 3 to T and state the mazimum ameount of fuel

uzed on any part of this route. E
Solution:
a
Stage | Intial state | Action | Destination | Value
D DT T o
1 E ET T 10*
F FT T fix
& AT L A
LAE E max(s, 107 =10
2 E EE E max(?,107=10
EF F max(3,6)=6%
< CE E max (6,107 =10
CF F max(3,6)=8%*
SA A max(9,8)=9
3 = =B E max(f,6)="T*
= Z max(6,%) =9

b Mimmazrowteis S BFT
Mazimum amount of fuel used 15 7 units
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Review Exercise 2
Exercise A, Question 8

Question:

\,
9%,
A
\,
AN
sy
W. o i X _..---""'"Tfn
; 11 C

A company has three warehouses W, W, and W5, It needs to transport the goods

stored there to two retail outlets B, and E . The capacities of the possible routes, in

van loads per day, are shown, Warehouses W, W, and W have 14, 12 and 14 van

loads respectively available per day and retail outlets | and R, can accept & and 25

van loads respectively per day.

a

On a copy of the diagram add a supersource W, a supersink E and the appropriate
directed arce to obtain a single-source, single-sink capacitated networl State the
minimum capacity of each arc you hawve added.

State the maximum flow along

i WW AR R,

iWW,CR,R.

Taking vour answers to part b as the initial flow pattern, use the labelling procedure
to obtain a mazimum flow through the network from "W te B Shoew your workiing.
List each flow-augmenting route you use, together with itz flow.

From your final flow pattern, determine the number of van loads passing through B

each day.

The company has the opportunity to increase the number of van loads from one of the

warehouses W, W, W, to A, B or C.

e Determine how the company should use this opportunity so that it achieves a
mazxitnumn flow E
Solution:
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a Ii”]’f‘wvl R, ‘\Q

e.g
WW,BAR,R-6

WW AR, R-2
WW,BCE,R-5
WW,BAERE-1
Moz flow 21

d 12 for this network (but may be different for other solutions)

e Mo use
All arcs out of A and C are saturated, so the total flow cannot be increased unless
the number of van loads from & or Cto B or K, i3 increased

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 9

Question:

Emma and Freddie play a zero-sutn game. This game is represented by the following
pay-off matrix for Emma.

-4 -1 3
2 1 =2
a Show that there iz no stable solution,
b Find the best strategy for Emma and the value of the game to her,

¢ Write down the value of the game to Freddie and his pay-off matriz, E

Solution:
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a
r oW min
-4 -13
Col max -4 e—max
2 1 =2
-2
2 1 3
min

—2=1 " notstable

b Let Emma play B with probability p

IfFreddie plays C) Emma's winnings are —dp+2(1-pi=2-6p
It Freddie plays C, Emma’s winnings are —p+1(1-p)1=1-2p
If Freddie plays C; Emma's winnings are 3p—-2(1-p)=-2+5p

3 - 4

[

-2

e d_ |
e 3
0 Bt
ps0 PSS _"-——_JL__.’.;J___{; = ]

(¥ ]
LY
L1

L]

)

/
/
|
[ ]

et
—
2-6p ™~

4 o S

need intersection of 2—ép and —-24+5p
2—6hp=-245p

4 =11p
4
& 0

o Emma should play R with probability 1:4—1
. N
E, with probability i

The wvalue of the game 1z ;—2 to Emma

4 -2
¢ Walue to Freddie E,matrix 1 -1
-3 2
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Review Exercise 2
Exercise A, Question 10

Question:

C (l:

The diagram shows a capacttated, directed networle. The unbracketed number on each

arc indicates the capacity of that arc, and the numbers in circles show a feasible flow

of walue &8 through the network.

a Add a supersource and a supersink, and arcs of appropriate capacity, to a copy of
the diagram.

b Find the values of x and y, explaining vour method briefly.

¢ Find the value of cuts O and O,

Starting with the given feasible flow of 68,

d use the labelling procedure to find a maximum flow through this netwark List each
flow-augmenting route you use, together with its flow.

e Show your maximum flow and state its value.

f Prove that your flow 15 maximal. E

Solution:
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a Adds Sand Tand arcs
S 2 A5 SE, =35, T =24, T,T = 58

h Using conservation of flow through vertices x =16 and v=7

¢ C,=86,C,=81

53 ADEHT, T-2
eg S§ACFEHTT-3
e R

e Forexample:

s 2 B 5 G

Flow 75

f Ifax flow—min cut theorem cut through CF, CE, AD, ED, BG (value 73}

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 11

Question:

a Ezplain what 1z meant by a mazimin route in dynamic programming, and give an
example of a situation that would require a maximin solution.

A maximin route 15 to be found through the network shown,
b Complete the table on the worlisheet, and hence find a maximin route.
¢ List all other maxzimin routes through the networl,

Solution:
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a The route from start to finish in which the arc of minimum length is as large

as possible,

Ezample must be practical, involve choice of route, have arc “costs”

h eg & company is planning its strategy for the next 4 years.
The number on each arc represents the expected profit resulting from each action.
The comp any wishes to ensure the minimum vearly profit iz as large as possible.

Stage | State | Action | Value
1 H HE 18*
I IE 19
J JE 2%
2 F FH min(16,18) =16
FI min(23, 19 =19
EJ minil7,21)=17
3 GH min (20,187 =18
Gl min(15,191=15
€1) mini28, 21)=21*
3 E EG min(ls, 21 =18*
Z CF min(25,19) =19
3 min(lé,21)=16
D DF min(22,19) =19
LG mini{19, 211 =19*
E EF min(14,19) =14 *
4 A AR min (24,18 =18
AC mini25,19) =15
AD min(27 19 =19
AE mini23, 14 =14

¢ Foutes: ACFIE, ADFIE,

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 12

Question:

The diagratn shows a capacitated, directed networlk of pipes flowing from two oil

fields B and F to three refineries R, B, and E,. The number on each arc

represents the capacity of the pipe and the numbers in the circles represent a possible

flow of 65,

a Find the value of x and the value of 1.

b On the wotksheet, add a supersource and a supersink, and arcs showing their
minimum cap acities,

¢ Taking the given flow of 65 as the nitial flow pattern, use the labelling procedure
to find the maximum flow. State clearly your flow augmenting routes,

d Zhow the mazimum flow and write down its value,

e Verify that this is the maxzimum flow by finding a cut equal to the flow. E

Solution:
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a x=3y=26

B2

SEAER,T-7
SEBER,T-5
SEBGR,T-1
SE,CDBGR,T-4

d £ g

Iz Flow B2
e &g

FA,BE,BG,CG,CR,,CR,(= 82)
or ER,,BG,CG,CR,,CR,(=82)

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 13

Question:

A two person Zero-sutn game is represented by the following pav-off matriz for player

A

Boplays I | B plays IT | B plays 1T
Aplays T 2 -1 3
Aplays I 1 ] 0
A plays T 0 1 -3

a Identify the play zafe strategies for each player.

h Verify that there iz no stable zolution to thiz game.
¢ Explain why the pay-off matriz above may be reduced to

BoplaysI | B plays IT | B plays ITL
Aplays 1 2 -1 3
Aplays I 1 ] ]

d Find the best strategy for player A, and the value of the game.

Solution:
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a Player & Fow minima are —1,0, -2 so maximin choice 15 play I

Player B: column mazima are 2, 3, 3 so minimax choice 15 play 1

b Since A's mazimin (00 2 B's minimax (2) no stable solution

¢ Forplayer & row [T dominates row I1L, (50 A will never play I, since

120 3=1 0=-3

d Let A play I with probability g and IT with probability (1- )
ItE plays I A's expected winnings are 2p+{l1-pi=1+p

IfB plays IT A's expected winnings are —p+3(1-pl=3-4p

IfE plays I A's expected winnings are 3p

VIA) "
3~
\\\\
2 2
o
1 -""'f# \\\

ps0

i-dp=Zp =>p=?3

A zhould play I with probability ?E

II with probability g

and never play IOI

The walue of the game 1s % to A

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 14

Question:
A 6 B
" s e
=y \
12 / L 6 J8
4 ™~ i il Y
v M
S P! P
", 5.7 D \\\ -r'/,
\ e Y
H‘\\\ > N/ i2
pd > N
C 10 E

The diagram shows a capacitated netwotk. The numbers on each arc indicate the

capacity of that arc in appropriate units.

a Ezxplain why it is not poszible to achieve a flow of 20 through the network from =

to T

b State the mazirmum flow along
i SABT,
i SCET.

¢ Show these flows on the worlcsheet.

d Taking your answer to part ¢ as the initial flow pattern, use the labelling procedure
to find a maximum flow from 3 to T. Shoew your working List each flow-

augmenting path vou use together with its flow.
Indicate a mazimum flow.
f Prove that vour flow iz mazimal.

o

Solution:
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a Finds acut less than 30 giving itz value,
e.g cutthrough AB AD CD, CE({(-25) or AR BD, ET (- 24)
ar a consideration of flow input / flow output through & and C.

b i SABT(-6)

i SCET(10)

— 10
eg 2ADBT - 4
SCDRT - 2
SCDET — 2, max flow 24
e eg

f Eefers to max flow —min cut theorem and the cut through AR, BD, ET of value 24

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 15

Question:

Andrew (4) and Barbara (B) play a zero-sutn game. This game is represented by the
tollowing pay-off matriz for Andrew.

25 4
1 4 2
& 3 7
a Ezxplain why this matriz may be reduced to
305
¢ )
b Hence find the best strategy for each plaver and the value of the game. E

Solution:

a Fow | domunates row 2 so A will never choose B2
Column 1 dominates column 3 so B will never choose O3
Thus Eow 2 and column 3 may be deleted.

b Let A play row 1 with probability p and hence row 2 with probability (1-p)
IftE plays 1 A7z expected gain 1z Sp+6{l-pi=6-73p
ItE plays 2 A7s expected gain 15 5p+3{1-pi=2p+3

Optimal when 6-3p =2p +3

Sp =12
p—3
3

Hence & should play row 1 with probability g and row 3 with probability % and

row 2 never

similarly, let B play column 1 with probability ¢
Ag+all-g =g+ 3l-)=5-2g=3g+>

g =2
q—2
5

2o B should play column 1 with probability % and column 2 with probability g
and column 3 never

Walue of game iz 4% to A
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Review Exercise 2
Exercise A, Question 16

Question:
A 90 D
e .-;."--
ES;E}r/f 3! 50 jf"l le 4
P Hn}*\ /| i
s \ II "'\.\_\_\'rl
Se__ C® 440 g
x.-\""--.,_\__. | I| ./.?__,.-"
H""';h_ .I¥ | .____,-'
100 ™~ 60 | _,,_x”’rz“»n
M"'x._*.-"
B

Watural gas 15 produced at 5 and 15 transported to a refinery at T by a network of
underwater pipelines. The capacity of each pipeline, in appropriate units, is given in

the diagram which shows the network of pipelines
a State the maximum flow along

i 3ACDT,

i SBT

b Show these two mazimum flows on Diagram 1 of the worksheet.

¢ Taking yvour answer to part b as the initial flew pattern, use the labelling procedure
to find a mamimum flow from S to T showing vour workiing on Diagram 2. List

each flow augmenting route you find and state itz flow.
d Show your maximum flow pattern on Diagram 3.
e Prove that your flow 15 mazimal.

Solution:
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ai max flowalong SACDT=230
i max flowalong 3B T=100

S ADT-70
SACET-30

SADCBT-20
Mezimum flow 270

e Tze max flow — tmin cut theorem
Cut theugh AD, AC and 5B =270 which equals flow
. mazximal

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 17

Question:

Enz produces custom made racing cycles. She can produce up to four cycles each
month, but if she wishes to produce more than three in any one month she has to hire
additional help at a cost of £330 for that month Tn any month when cycles are
produced, the overhead costs are £200 & maximum of three cycles can be held in
stock in any one month, at a cost of £40 per cycle per month. Cycles must be delivered
at the end of the month. The order book for cycles 13

Month Aug | Sept. | Oct | Now.
Numbhber of cycles required £ 3 ] 2

Disregarding the cost of parts and Eris” time,
a determine the total cost of storing two cycles and producing four cyeles in a given
month, making your caloulations clear

There 15 no stock at the beginning of August and Eris plans to have no stock after the
Hovember delivery,

b Tse dynamic programming to determine the production schedule which minimises
the costs, showing your working in a table

The fized cost of parts 15 £600 per cycle and of Kris™ time 15 £500 per month, She sells
the cycles for £2000 each

¢ Determine her total profit for the four-month period. E

Solution:
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a total cost=2x 4043304 200= £630

h
Stage | Demand | State | Action | Destination Value
{2y Oct )] (17 )] {m (S804 200 ="790) *
(2) (3) (o) 280 + 200 = 480 *
) (1) 6304 240=8710
3 (2 0 3204 200 =520 *
3 1 3204240 =360
4 2 670 +80="750
3 Sept 3 0 4 1 2504750 =1340*
1 3 1 2404750 =1030=
4 2 2904+ 480=1070
4 Aug 3 0 3 ] 20041340 =1540%
4 1 55041030 =1580
Menth | August | September | October | NMovember
Ilalke 3 4 4 i

€ Profit per cycle =13x1400

=18 200

cost= £1540

cost of Enis'time = £2000

~ototal profit = 18 200 - 3540

= £14 660

© Pearson Education Ltd 2C

file://C:\Users\Buba\kaz\ouba\d2 rev2 a 17.|

cost of production = £1540

Page2 of 2

3/11/201.



Heinemann Solutionbank: Decision Mathematics :

Solutionbank D2

Edexcel AS and A Level Modular Mathematics

Review Exercise 2
Exercise A, Question 18

Question:

The netwotlk above models a drainage systetn. The number on each arc indicates the
capacity of that are, in litres per second.
a Write down the source vertices.

Thiz network shows a feasible flow through the same network

b Ztate the value of the feasible flow shown.

Taking the flow shown as your initial flow pattern,

¢ use the labelling procedure to find a maximum flow through this network. You
should list each flow-augmenting route you use, together with its flow,

d Show the mamimum flow and state itz value,

e Prove that vour flow is maximal.

Solution:
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Mazimum flow 48

e Nfax flow —Min cut theorem

Cut through DE, DC, DH, DG, DF

© Pearson Education Ltd 2C
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Exercise A, Question 19

Question:

L two-person zero-sumn game 15 represented by the following pay-off matriz for player

A

Eplaysl | Eplays2 | Bplays3 | B plays 4
Aplays 1 -2 1 3 -1
A plays 2 -1 3 2 1
Avplays 3 -4 2 0 -1
Aplays 4 1 —2 —1 3

a Verfy that there 15 no stable solution to this game.

b Ezplain why the 4 x4 game above may be reduced to the following 33 game.

-2 |1

3

-1

2

1 -2

-1

¢ Formulate the 2x 2 game as a linear programming problem for player A Write the

constraints as inequalities. Define your variables clearly.

Solution:

a Eow minimums { -2, -1, -4, -2} row maximin = — 1
Column mazimums {1, 3, 3, 3} column minimax = 1
Since 1 = —1 not stable

b EFow 2 dominates Eow 3
column 1 deminates column 4

¢ Let & play rew B, with probability P1, Bg with probability P and "Es" with

probability Ps
-2 1 3 e.g. 1446
-13 2 — 2635

1 -2-1 +3 412
£.Z. mazimise P ="

subject to V" —F —2F - 4K =0
V-4R-6R-F =0
VF-6R-55-28=0
E+E+E =1

"B B Bz0
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Heinemann Solutionbank: Decision Mathematics :

Solutionbank D2

Edexcel AS and A Level Modular Mathematics

Review Exercise 2
Exercise A, Question 20

Question:

a Ezplain briefly what iz meant by a zero-sum game.
A two person zero-sum game is represented by the following pay-off matriz for player

A

10|11
T|5]2] 3
O|3]5] 4

b Werify that there 13 no stable solution to this game.

¢ Find the best strategy for player A and the value of the game to her.

d Formulate the game az a linear programming problem for player B, Write the
constraints as inequalities and define vour variables clearly. K

Solution:
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a A zero-sum game i2 one in which the sum of the gains for all plavers 12 zero,

h
I Io| ImI
I 5 21 3 min 2
II 3 51 4 |min3 < max
mazd | 2| 4
T
tnin

since 3= 4 not stable

¢ Let & play I with probability p
Let & play I with probability (1-2)

IfBplayl A's gainzare Sp4+3(l-pi=2p+3
IftE plays IT A's gains are 2p+5{1-p)=5-73p
IfB plays IIT A's gainz are 3p4+4(l-pi=4-p

[i] 0
5 p+3 Lis
I 4 _'_————.:_-t"_.:_;.: '_I'_.f’ 1l 4
1 3 ~S5-3p 1 |3

2 e .

p=0 p"—'l
- 1
Intersection of 2p+3 and 4-p :‘>p=§

oA should play I % of time and IT % of time; value (to &4) = 3%

d Let B play I with probability g, I with probability ¢, and IIT with probability g

£ 13
eg |—2-5|—=|41
-3 32

maximise F=[}"
V—gy—dg, -3¢, =0
Subjectto F—3g —g, —Z2g, =0 gy +g, tgs =1
V., d.gy 20 or=1
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Review Exercise 2
Exercise A, Question 21

Question:

Joan sells ice cream. She needs to decide which three shows to visit over a three-weel
period in the summer. She starts the three-week period at home and finishes at home.
=he will spend one weels at each of the three shows she chooses, travelling directly
from one show to the next

Table 1 gives the week in which each show 15 held Table 2 gives the expected profits
from wisiting each show. Table 3 gives the cost of travel between shows.

Table 1

Weel 1 2 3
Shows | A B C|[D.E|F, 3 H

Takle 2

Show A E & D

Expected profit (£) | 200 | 800 | 1000 | 1500
Show E F € H

Expected profit (£) | 1300 | 500 | 700 | &00

Table 3

Travelcosts (£) | A | B | C D E F G | H

Home F0| 80| 130 20 | 90 | 70

A 180 | 120
E 1401 120
C 200 [ 210
D 2000 160 | 120
E 170 [ 100 ] 110

It iz decided to use dynamic programming to find a schedule that maximises the total

expected profit, taking inte account the travel costs,

a Define suitable stage, state and action variables,

h Detertnine the schedule that maximises the total profit Show your wotking in a
table.

¢ Adwize Joan on the shows that she should wisit and state her total expected

profit. E

Solution:
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a Stage —Mumber of weelks to finizh
State — Show being attended
Action — Mext journey to undertake

b
Stage | State Action Value
1 F F-Home S00-80=420=
G 53— Home T00-80=610=
H H-Home GO0 —-T0="530%
2 D DF 1500-2004+420=1720
DG 1500-1604+610=1950*
TH 1500-1204+530=1%10
E EF 1300-1704+420=1550
EG 1300-1004+610=1810=
EH 1300-110+530=1720
3 A AT 00—130+1950=2670=
AE 00-150+1810= 2560
E ED B00—140+41550=2610=
BE B00-12041810 = 2490
Z D 1000— 20041950 = 2750
CE 1000— 21041310 = 2600
4 Home | Home— A =704+ 2670 = 2600
Home - B —B04+2610=2530
Home - C =150 42750 = 2600=
c A
Home D—G
he. €

Total profit £2600
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